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• ^ In view of a potential interpretation of the role of the Mathieu group M24 in the context of 

/\ strings compactified on K3 surfaces, we develop techniques to combine groups of symmetries 

2 from different K3 surfaces to larger 'overarching' symmetry groups. 

We construct a bijection between the full integral homology lattice of K3 and the Niemeier 
lattice of type Af^, which is simultaneously compatible with the finite symplectic automor- 
phism groups of several different Kummer surfaces. The Niemeier lattice serves to express 
all these symplectic automorphisms as elements of the Mathieu group M24, generating the 
'overarching finite symmetry group' (^2)* x ^7 of Kummer surfaces. This group has order 
40320, thus surpassing the size of the largest finite symplectic automorphism group of a K3 
surface by orders of magnitude, and it contains the polarization-preserving symmetry group 
of every Kummer surface with polarization induced from the underlying torus. Our results 
are in line with the existence proofs of Mukai and Kondo, that finite groups of symplectic 
automorphisms of K3 are subgroups of one of eleven subgroups of M23 , and we extend their 
techniques of lattice embeddings for all Kummer surfaces with polarization induced from the 
underlying torus. 
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1 Introduction 

M24 is the largest in a family of five sporadic groups - amongst the 26 appearing in the clas- 
sification of finite simple groups - that has rekindled interest in the mathematical physics 
community following an intriguing remark published by Eguchi, Ooguri and Tachikawa 
[EOT] ■ This remark stems from an expression for the elliptic genus of a K3 surface that 
uses knowledge of 2-dimensional N = 4 superconformal field theory and Witten's construc- 
tion of elliptic genera |Wit87j . That the K3 elliptic genus, which is a weak Jacobi form of 
weight and index 1, may be expanded in a linear combination of A^ = 4 superconformal 
characters is not surprising. Indeed in the context of superstring theory, it has long been 
established that compactification on a K3 surface, which is a hyperkahler manifold, yields a 
world-sheet theory that is invariant under N = 4 superconformal transformations. The K3 
elliptic genus may be calculated as a specialisation of the corresponding partition function, 
which is a sesquilinear expression in the N = 4 characters |EOTY89] . 

What is surprising and remains to be fully understood, is that the coefficients of the non- 
BPS A^ = 4 characters in the elliptic genus decomposition coincide with the dimensions of 
some irreducible and reducible representations of the sporadic group M24. Actually, on the 
basis of the information encoded in the K3 elliptic genus alone, the dimensions could be 
those of representations of the Mathieu group M23, the stabiliser in M24 of an element in 
the set X = {1, 2, ..., 24}, when viewing M24 as the group of permutations of 24 elements 
preserving the extended binary Golay code ^24- It turns out that this Mathieu group in- 
formation is encoded in the K3 elliptic genus in the form of a weakly holomorphic mock 
modular form of weight ^ on SL{2, Z), suggesting the existence of a "Mathieu Moonshine" 
phenomenon. 

Yet, an interpretation of the appearance of M24 as a symmetry group within a theory of 
strings compactified on K3 is lacking. One difficulty is that the M24 sporadic group does 
not act in a conventional way on the string states. Rather, the symmetry manifests itself 
when a specific subset of BPS states is considered. Another particularity is that by nature, 
the elliptic genus is an invariant on each irreducible component of the moduli space of 
A^ = (2,2) superconformal field theories. The moduli space of superconformal theories on 
K3 is such an irreducible component. Hence, the M24- information the elliptic genus carries 
is unaltered when surfing the K3 moduli space between generic points and isolated points 
with enhanced symmetry, of which Gepner models are the main examples. This suggests 
that M24, in a sense yet to be uncovered, 'overarches' the symmetries associated with all 
superconformal field theories in the K3 moduli space. 

Although we have, at this stage, little new to say regarding the interpretation of an 
M24-action within the framework of strings compactified on K3 surfaces, we show here 
how an overarching symmetry, smaller than M24, emerges when considering the groups of 
polarization-preserving symplectic automorphisms of all K3 surfaces of a particular type, 
namely the Kummer surfaces with induced polarization. By this we mean that the Kahler 



class of the Kuminer surface is integral and it is induced by that of its underlying complex 
torus. The results presented in this work should be regarded as an attempt to set the scene 
for further investigations pinning down an 'overarching' M24-action as alluded to above. 
We revisit the results obtained by Mukai in |Muk88] , stating that any finite group of sym- 
plectic automorphisms of a K3 surface is isomorphic to a subgroup of the Mathieu group 
M23 which has at least 5 orbits on the set X of 24 elements. We develop a technique which 
allows to combine the finite polarization-preserving symplectic automorphism groups of 
several different Kummer surfaces. With this technique, we obtain the group (2,2)^ x A^ 
of order 2^ ■ 3^ ■ 5 ■ 7 = 40320, which is a maximal subgroup of M23. This group contains all 
polarization-preserving symplectic automorphism groups of Kummer surfaces with induced 
polarization as proper subgroups. In this sense, we find an 'overarching' symmetry group 
of all algebraic Kummer surfaces. 

In |Kon98j . Kondo rederives Mukai's result, using ingenious lattice techniques. The frame- 
work we set up here is in this spirit. We use the Niemeier lattice of type Af^, denoted A^ 
hereafter, as a device that encodes the action of all the polarization-preserving symplectic 
automorphism groups of all Kummer surfaces with induced polarization as automorphisms 
of the extended binary Golay code, represented by permutations on 24 elements belonging 
to M24. This encoding is linked to the construction of a bijection between the full integral 
homology lattice H^{X,'L) of a Kummer surface X and the negative definite version of 
the Niemeier lattice N , denoted A^(— 1). Although in general, the bijection depends on 
the complex structure and polarization of the Kummer surface considered, we are able to 
construct a unique bijection B for two specific Kummer surfaces, which yields an action 
of both groups of polarization-preserving symplectic automorphisms on the same Niemeier 
lattice N . It therefore effectively reveals the presence of a larger, overarching and somehow 
hidden symmetry that could manifest itself in an unsuspected way within string theories 
compactified on 7^3 surfaces. Although the overarching group (^2)"^ x A-j is by orders of 
magnitude larger than the biggest finite symplectic automorphism group of a K3 surface, 
it is still by orders of magnitude smaller than the Mathieu group M24. Ultimately, one 
wants M24 rather than {'L2Y ^ Aj to be the overarching symmetry, but this requires further 
techniques and different lattices, and is beyond the scope of the present work. 

Mathematically, one of our main results is the following theorem, which holds for all Kum- 
mer surfaces and which we prove in section [3| see theorem 3.3.7 



Theorem. Let X denote a Kummer surface with underlying torus T , equipped with the 
complex structure and polarization which are induced from T . By E^, a G ¥2, we denote 
the classes in H2{X, Z) obtained in the Kummer construction by blowing up the 16 singular 
points 0/T/Z2. Let G denote the polarization-preserving symplectic automorphism group 
of X. With Lg = {H,{X,Z)^)^ n H,{X,Z) and vq G Ho{X,Z), v G H^{X,Z) such that 
{vo,v) = 1, and e := \ X^aep* ^a, the lattice Mg(— 1) with 

Mg := Lg® span^ {e, vq - v} 
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can be primitively embedded in the Niemeier lattice N of type Af 

The theorem generahzes Kondo's proof |Kon98j to Mukai's theorem |Muk88] in the follow- 
ing sense: For an algebraic K3 surface X, Kondo proves that there exists some Niemeier 
lattice N, such that the lattice Lq can be primitively embedded in iV(— 1). Although 
Kondo primitively embeds a lattice Lq © (^2), the additional direction (—2) is not iden- 
tified geometrically within if^,(X, Z). Our first contribution thus is the natural geometric 
interpretation (—2) = span^jt^o — v}. Second, for every Kummer surface with induced 
polarization, our theorem shows that in Kondo's proof, the special Niemeier lattice A^ of 
type Af^ can always be usecj^ Third, the lattice Mq which we embed contains Kondo's 
lattice Lc and obeys rk (Mg) = rk (Lq) + 2. This embedding is the restriction to Mq 
of the bijection between H^{X,Z) and A^(— 1) described above. The construction of such 
a bijection is an application of the "gluing techniques" due to Nikulin [NikSOat INikSOb] 
that build on previous work by Witt |Wit41j and Kneser |Kne57j . We construct a specific 
bijection of this type which isometrically identifies two different primitive sublattices 
M-jig^ and Mt^^ in H^, {X, Z) with their images. Furthermore, we force these embeddings 
to be equivariant with respect to the two corresponding polarization-preserving symplectic 
automorphism groups G = T192 and G = %4, thus obtaining natural actions of these two 
groups on A^. This allows us to view A^ as a device which carries both these group actions, 
which combine to the action of a larger, overarching group. Interestingly, the resulting 
group already gives the overarching symmetry group of all Kummer surfaces. Since our 
techniques confine us to the study of symmetries of Kummer surfaces, the fact that we can 
generate the entire overarching symmetry group of Kummer surfaces may very well mean 
that on transition to more general techniques, employing the Leech lattice instead of the 
Niemeier lattice A^, say, one could obtain the entire group M24. We are currently working 
on such a generalisation. 

Our techniques were originally designed to study non-classical symmetries of superconfor- 
mal field theories compactified on K3 surfaces, particularly to develop a device which could 
maybe distinguish between those symmetries which play a role for "Mathieu Moonshine" 
and those that don't. IndeecQ in the beautiful work |GHV] it is proved that the symmetry 
groups of superconformal field theories on K3 in general are not subgroups of M24, but 
instead that they are all contained in the Conway group Goi. Our findings could in fact 
indicate that the classical symmetries of K3 are the only ones that play a role for "Mathieu 
Moonshine" . 

The paper is organised as follows. 

Section [2] starts with a short review of Nikulin's lattice gluing prescription and illustrates 

it in two cases of direct interest to us: the gluing of the Kummer lattice to the lattice 

"'^This nicely ties in with Mukai's result [Kon98|, Appendix] that there exists a symplectic action on the 
special Niemeier lattice N for each group G in Mukai's classification. 

^We are grateful to Rob Curtis for explaining to us in April 2010 that the well-known symmetry group 
Cf X 54 of the Gepner model (2)'' is not a subgroup of Af24- 



stemming from the underlying torus of a given Kummer surface, including an extension 
of this technique to recover the full integral homology, as well as the reconstruction of the 
Niemeier lattice A^ associated with the root lattice of Af^ through the gluing of two different 



pairs of sublattices. Built in this section is proposition |2.3.3[ stating and proving that the 
Niemeier lattice N possesses a rank 16 primitive sublattice 11 which, up to a total reversal 
of signature, is isometric to the Kummer lattice 11. That the primitive embedding of the 
Kum mer lattice in A^(— 1) is unique up to automorphisms of A^ is proven in proposition 
2.3.5 Moreover, an explicit realisation of the primitive sublattice 11 that proves extremely 



useful in our construction is provided via the map (2.14). These properties of the Niemeier 
lattice N of type Af^, to our knowledge, had not been noticed before. 
After reviewing basic albeit crucial aspects of complex structures, Kahler forms and sym- 
plectic automorphisms of K3 surfaces, and providing a summary of the results obtained 
by Mukai and Kondo that are important for our analysis. Section [3] generalizes Kondo's 
results to the full integral homology lattice to fit our purpose. Moreover, it introduces the 
lattice Mg 2 ^g that is so crucial for our construction, and proves that this lattice, after 
a total reversal of signature, may be embedded primitively in the Niemeier lattice A^, as 
stated in theorem 13.3.71 and as discussed above. 

Section |4] builds on the previous sections to bring to light the overarching symmetry that 
is at the centre of this work. This is achieved by constructing a linear bijection B that 
extends the isometry between the Kummer lattice and n(— 1) to the full integral homology 
iJ*(X, Z) and A^(— 1). We start in subsection 4.1 with the discussion of the translational 



automorphism group that is a normal subgroup of all polarization-preserving symplectic 
automorphism groups of Kummer surfaces with induced polarization, and show how its 

^^ on A^. Subsections 4.2 and 4.3 are dedicated to the 



action on X induces an action of {'^2) '^^ ^- Subsections 
tetrahedral Kummer surface Xij^ with polarization-preserving symplectic automorphism 
group 7i92 C M24, and to the Kummer surface Xq obtained from the square torus Tq, 
whose polarization-preserving symplectic automorphism group is 764 C M24. In subsection 



4.4 we prove that these two Kummer surfaces enjoy the same 'overarching' linear bijection 
G: if^(X, Z) — > N{—1), leading to the concept of overarching symmetry. 



We end by giving our conclusions and interpretations of our results. Appendix A.l and 



appendix |A.2| provide a brief review of some of the notions and techniques we borrowed 
from group theory in the course of our work, while appendix A.3| gathers notations for 
most lattices introduced and used in the main body of the text. 



2 Lattices: Gluing and primitive embeddings 

In this work, we investigate certain finite groups of symplectic automorpfiisnis of Kummer 
surfaces in terms of subgroups of the Mathieu group M24. As we explain below, due to 



the Torelli Theorem 3.1.1 for K3 surfaces, on the one hand, and the natural action of M24 
on the Niemeier lattice A^ of type Af^ by proposition 2.3.2, on the other hand, both group 



actions are naturally described in terms of lattice isometrics. Therefore, some of the main 
techniques of our work rest on lattice constructions, which shall be recalled in this section. 



As a guide to the reader, table |A.3| in appendix |A.3| lists a number of lattices that we 
introduce in this section and that we continue to use throughout this work. 
Let us first fix some standard terminology (see for example |Nik80bt IMor84j ): 

Definition 2.0.1 Consider a d- dimensional real vector space V with scalar product (-, ■) 
of signature (7+, 7_) . 

1. A LATTICE r in V is a free Z-module T G V together with the symmetric bilinear 
form induced by (-,■) on T. Its DISCRIMINANT disc(r) is the determinant of the 
associated bilinear form on T. The lattice T is non-degenerate z/ disc(r) 7^ 0, 
and it is unimodular if |disc(r)| = 1. By T{N) with N an integer we denote the 
same Tj-module as T, but with bilinear form rescaled by a factor of N. 

2. A lattice T in V is integral if its bilinear form has values in Z only. It is even if 
the associated quadratic form has values in 2Z only. 

3. If r is a non-degenerate even lattice in V , then there is a natural embedding T M- 
r* = Hom(r, Z) by means of the bilinear form on T. Thus there is an induced Q- 
valued symmetric bilinear form on T* . The discriminant form q-p ofT is the map 
gr : r*/r — t- Q/2Z together with the symmetric bilinear form on the discriminant 
GROUP r*/r with values in Q/Z, induced by the quadratic form and symmetric bi- 
linear form on r* , respectively. 

4. A sublattice A C F of a lattice T in V is a primitive sublattice ifV/K is free. 

By this definition, we can view every sublattice AcFofFcyasa lattice in the 
vector space A ® M with the induced quadratic form. In fact, since \^ = F (g) M for non- 
degenerate F, we can dispense with the mention of the vector space that any of our lattices 
is constructed in. Note that A is a primitive sublattice of F if and only if A = (A ® Q) H F. 
Moreover, for every non-degenerate even lattice F we have | disc(F)| = |F*/F|, hence such 
F is unimodular if and only if F = F*. The classification of even unimodular lattices is 
known to some extent: 

Theorem 2.0.2 Let V denote a d-dimensional real vector space with scalar product (-, ■) 
of signature (7+, 7_) with c/ = 7+ + 7_ > 0. 

1. An even unimodular lattice F C V^ exists if and only z/7_|_ — 7_ = mod 8. 



2. If '~f+ > and 7_ > and 7+ — 7_ = mod 8, then up to lattice isometries, there 
exists a unique even unimodular lattice T G V . 

3. If d = 24 and 7„ = 0, then there are 24 distinct isometry classes of even unimodular 
lattices T G V . Each of these isometry classes is uniquely determined by the sublattice 

R:=spa.n^{6GT\{6,6) =2} (2.1) 

which has rank or 24 and is isometric to the root lattice of some semi-simple complex 
Lie algebra. 

Part 1. and 2. of the above theorem are known as MiLNOR's THEOREM (see |Mil58j and 
[SerTOl Ch. 5], |MH73l Ch. 2] for a proof), while the classification 3. of positive definite even 
unimodular lattices of rank 24 is due to Niemeier [Nie73j . and such lattices are named 
after him: 

Definition 2.0.3 A Niemeier lattice is a positive definite even unimodular lattice T 



of rank 24. Its ROOT SUBLATTICE (2.1) is the lattice R G T that is generated by those 
elements ofT on which the quadratic form yields the value 2. If R is isometric to the root 
lattice of the semi-simple Lie algebra q, then we say that T is a Niemeier lattice of 

TYPE 0. 

In our applications, we often find ourselves in a situation where a primitive sublattice 
A C r of an even unimodular lattice T is well understood, and where we need to deduce 
properties of the lattice F from those of A. In such situations, gluing techniques as 
well as criteria for primitivity of sublattices that were developed by Nikulin in 
[NikSOat INikSObj prove tremendously useful, see also |Mor84j . We recall these techniques 
in the next subsection. 

2.1 Even unimodular lattices from primitive sublattices 

If r is an even unimodular lattice and A C F is a primitive sublattice, then according to 
[NikSOal Prop. 1.1] the discriminant forms q\ and gv of A and its orthogonal complement 
V := A"*- n F obey gA = —qv- Moreover, 

Proposition 2.1.1 Let F denote an even unimodular lattice and A C F a non- degenerate 
primitive sublattice. Then the embedding A ■— )■ F zs uniquely determined by an isomorphism 
7 : A*/A —7- V*/V, where V = A-*- fl F and the discriminant forms obey qA = —qv o 7. 
Moreover, 

V = {{\v)eh*®V*\i{\)=v], (2.2) 

where for L a non-degenerate even lattice, I denotes the projection of I G L* to L* /L. 



Note that (2.2) allows us to describe F entirely by means of its sublattices A and A fl F 



along with the isomorphism 7. 



Example: Recall the hyperbolic lattice, i.e. the even unimodular lattice of signature 
(1,1) with quadratic form 

with respect to generators Vq, v over Z. We generally denote the hyperbolic lattice by U. 
As a useful exercise, the reader should convince herself that the gluing procedure described 
above allows a reconstruction of U from the two definite sublattices A^ generated by 
a± := vq ±v, respectively, with 



by (2.2). 



To apply proposition 2.1.1 one needs to know that the lattice A can be primitively embed- 
ded in r. Nikulin has also developed powerful techniques which determine whether or not 
this is the case for abstract non-degenerate lattices F and A. To recall this, we need some 
additional terminology: 

Definition 2.1.2 Consider a finite abelian group A. The minimum number of generators 
of A is called the length i{A) OF A. If A = Ag carries a quadratic form q: Ag ^ Q/2Z, 
then for every prime p let Ag^ denote the Sylow p- GROUP IN Ag, that is, Ag^ C Ag is the 
maximal subgroup whose order is a power of p. Then by qp we denote the restriction of q 
toAg^. 

Note that for every finite abelian group A and for every prime p, there exists a unique Sylow 
p-group in A. Moreover, ii A = Ag carries a quadratic form q with values in Q/2Z, then q 
decomposes into an orthogonal direct sum of all the qp with prime p. As a special case of 
[NikSObl Thm. 1.12.2] used in precisely this form in Kondo's proof of |Kon98t Lemma 5], 
we now have: 

Theorem 2.1.3 Let A denote a non- degenerate even lattice of signature (/+, /_) and Ag = 
A* /A its discriminant group, equipped with the induced quadratic form q with values in 
Q/2Z. Furthermore assume that all the following conditions hold for the integers 7+,7- 
with 7+ = 7_ mod 8.' 

i- 7+ > ^+ o,nd 7_ > 1-, 

2. £(A,) < 7+ + 7_ -/+-/_, 

3. i. q2 = (|) Q)q'2, where (^) is the quadratic form on the discriminant of a root lattice 
Z(2) of type Ai and q'2 is an arbitrary quadratic form with values in Q/2Z 

or ii. ^(AgJ < 7+ + 7_ - /+ - /_, 
4- for every prime p i^l, ^(^qp) < 7+ + 7- — ^+ — ^-■ 
Then A can be primitively embedded in some even unimodular lattice Y of signature (7+, 7_). 

8 



2.2 Example: The K3-lattice for Kummer surfaces 



A classical application of the gluing technique summarized in proposition 2.1.1 is the 
description of the integral homology of a Kummer surface in terms of the integral homology 
of its underlying torus and the contributions from the bl ow-up o f singularities. We review 
this construction in the present subsection, following PSS7l[ INik75] . First recall the 
definition of K3 surfaces: 

Definition 2.2.1 A K3 SURFACE is a compact complex surface with trivial canonical bun- 
dle and vanishing first Betti number. 



By a seminal result of Kodaira's |Kod64[ Thm.l9], as real four-manifolds all K3 surfaces 
are diffeomorph ic. Th e integral homology of a K3 surface X has the following properties 
(see e.g. |Mil58[ISaf65j ): First, H2{X, Z) has no torsion, and equipped with the intersection 
form it is an even unimodular lattice of signature (3,19). By theorem 2.0.2 this means 
that H2{X,Z) is uniquely determined up to isometry. In fact, H2{X,Z) = U^ Q) £'|(— 1), 



where U is the hyperbolic lattice with quadratic form (2.3) and Eg is isometric to the root 
lattice of the Lie algebra ts- The lattice U^ © _E|(— 1) is often called the K3-LATTICE. 
Furthermore, H^{X, Z) = Hq{X, Z) © H2{X, Z) © H^lX, Z) is an even unimodular lattice 
of signature (4, 20) and thus H^{X, Z) = f/"^ © ^|(-1) by theorem [2^ and the above. 



Let us now recall the Kummer construction, which yields a K3 surface by a Z2-orbifold 
construction from every complex torus T of dimension 2. Let T = T(A) = C^/A, with 
A C C^ a lattice of rank 4 over Z, whose generators we call Xi,i = 1, ... ,4. The group 
Z2 acts naturally on C^ by (-21,-22) '— ^ {—Zi, —-22) and thereby on T(A). Using Euchdean 
coordinates x = {xi,X2,X3,X4), where Zi = Xi + 1x2 and -22 = X3 + ix4, points on the 
quotient T(A)/Z2 are identified according to 



X ~ X 



+ ^niAi, ni G Z, 



i=l 



X ~ —X. 



Hence T(A)/Z2 has 16 singularities of type Ai, located at the fixed points of the Z2- 
action. These fixed points are conveniently labelled by the hypercube Fg = ^A/A, where 
1^2 = {0, 1} is the finite field with two elements, as 



Fa-.-- 



\ 2_^ ai\ 



4 = 1 



G r(A)/Z2, 



(01,02,03,04) G F2. 



(2.4) 



It is known that the complex surface obtained by minimally resolving T(A)/Z2 is a K3 
surface (see e.g. |Nik75] ) : 

Definition 2.2.2 Let T = T(A) denote a complex torus of dimension 2 with underlying 
lattice A c C^. The Kummer surface with underlying torus T is the complex 
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surface X obtained by minimally resolving each of the singularities Fg, a G F2 = ^A/A, 



0/ T/Z2 given in (2.4). The blow-up of Fg yields an exceptional divisor whose class in 
H2{X,7j) we denote by E^. The natural rational map of degree 2 from T to X, which is 
defined outside the fixed points 0/ Z2 on T, is denoted vr: T --->• X, and the linear map 
it induces on homology is denoted tt^,: H2(T,Z) — )■ H2{X,Z), tt,,, : H2(T,'R) — )• H2{X,M.), 
respectively. 

Note that by definition, the Kummer surface X with underlying torus T(A) = C^/A carries 
the complex structure which is induced from the universal cover C^ of T{A). Moreover, 
the integral classes E^ G H2{X, Z) with a G Fg arise from blowing up singularities of type 
Ai and thus represent rational two-cycles on X. Hence by construction, they generate a 
sublattice of H2{X,'Z) of type 74|^(— 1), i.e. a sublattice of rank 16 with quadratic form 
dia g(— 2, . . . , —2). This lattice, however, is not primitively embedded in H2{X, Z). Instead, 



by |PSS7ll [NiFfS] we have 



Proposition 2.2.3 Let X denote a Kummer surface with underlying torus T as in defi- 
nition YI.2 .2\ Furthermore, let 11 denote the smallest primitive sublattice of H2{X,'Ij) con- 
taining all the Eg, a G Fg, and let K := 7:^{H2{T, Z)). Then the following holds: 

1. The lattice 11 is the Kummer lattice 

n = span^ < Eg with a G F2; | 2. -^a '"'^'^^ H c¥2 an affine hyperplane > . (2.5) 

I a&H J 

2. The lattice K is a primitive sublattice of H2{X,'L) with K = U^(2) and K = U-^ fl 
H2{X,Z). 

Note that K = U^{2) follows by construction, since H2{T,7j) = U^ and vr has degree 2. 
Moreover, each element of K represents the image of a two-cycle on the torus which is in 
general position and thus does not contain any fixed points of the Z2-action, hence i^ ± 11. 
Then K = U^ fl H2{X, Z) since K is a primitive sublattice of n-*- fl H2{X, Z) of same rank 
6 = 22-16. 

For the remainder of this work, we continue to use the notations introduced in definition 



2.2.2 and proposition 2.2.3 above. According to this proposition, K and 11 are orthogonal 



complements of one another in the even unimodular lattice H2{X,'Z). By the gluing con- 



struction of proposition 2.1.1, H2{X,X) can therefore be reconstructed from its sublattices 

K and H. 

Indeed, one first checks K*/K = U* /U = (Zg)^: Witlf] 

Xij := Ai V A, G H2iT,Z) for t,j G {1,2,3,4}, (2.6) 



■^The generators A^, i = 1, . . . , 4, of the lattice A are naturally identified with generators Ai, z = 1, . . . , 4, 
of Hi{T,Z), such that H2{T,Z) is generated by the A^ V Xj. 
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standard generators of K* / K and the discriminant form with respect to these generators 
are given by 

fO^, 13 = 12, 34, 13, 24, 14, 23, qj, = (l ^A . 

Analogously, with 

Pjj := {a = (01,02,03,04) G F^ I afc = OV/c 7^ i,j} for i, j G {1,2, 3,4}, (2.7) 

standard generators of 11* /II and the discriminant form with respect to these generators 
are given by 

\ E E^a. 13 = 12, 34, 13, 24, 14, 23, gn = - f ? H • 

The bilinear forms associated with qx, qu take values in Q/Z and thus qx = —Qk, Qn = 
—qu- Hence we obtain a natural isomorphism 7 between the two discriminant groups which 
obeys qx = -qn ° 1- 

^,K*/K-^ nvn, 7 (fo^) := \ E e^- (2-8) 



Now proposition 2.1.1 implies that the K3-lattice H2{X,'L) is generated by the ir^.Xij G 
n^{H2{T,Z)), the elements of the Kummer lattice II, and two-cycles of type |7r^,Ajj + 
2 EaeP -^a £ K* © n*. In this case, the gluing procedure can be visuahsed geomet- 
rically as follows: Consider a real 2-dimensional subspace of C^ which on the torus T 
yields a Z2-invariant submanifold k containing the four fixed points labelled by a plane 
P C Fg. Then k — )■ k/'Ij2 is a 2:1 cover of an S^ with branch points Fg, a E P, which 
under blow-up are replaced by the corresponding exceptional divisors representing the 
Eg G H2{X, Z). Hence n (k\ {F^ \ a G P} 1 is a 2:1 unbranched covering of a two-cycle 
on the Kummer surface X representing tt^Ik] — Ylai^pEd ^ H2{X,1j). In other words, 
[k] =1= 1 YliaGpEa ^ H2{X,Z). Indeed, note that for P as above and P' C F2 a plane 



tVT* 



parallel to P, \ J2deP EsT ^ Ylid&p' Ed^^ according to (2.5). 



For later use, instead of restricting our attention to the K3-lattice H2{X, Z) of a Kummer 
surface X, we need to work on the full integral homology if*(X, Z) = Ho{X, Z)Q)H2{X, Z)© 
Hi{X,'L). Since Hq^X,'!,) © H/^{X,7j) = ?7 is an even unimodular lattice, we can use the 



gluing prescription (2.8) either replacing Khy K ®U with {K © U)*/{K © f/) = K*/K, 



or replacing H by H © f/ with (H © f/)*/(H © f/) = H*/H. However, yet another option 



will turn out to be even more useful: We combine the gluing prescription (2.8) with the 



exercise posed in section 2.1 to obtain, as another application of proposition 2.1.1 



Proposition 2.2.4 Consider a Kummer surface X with underlying torus T and notations 
as in definition 12.2.21 and proposition 12.2.31 Furthermore, let Vq G Hq{X,'L) and v G 
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H^iX, Z) denote generators of Ho{X, Z) (BH^lX, Z) = f/ such that the quadratic form with 



respect to Vo,v is (2.3). Let 



K := K ® span2{t;o + v}, "P := 11 © span^li^o — v}. 
Then K,* /IC = V* /V = {'^2)'^ under an isomorphism g with 



g: /C7/C ^ V*/V, g{K) := ^{k) \/ k e K\ g{\{v, + v)) := |K - v); 
H,{X,Z) = {{K,n) elC®V* \g{K) = Tx}. 



2.3 Example: The Niemeier lattice of type A{ 



24 



A second example for the application of Nikulin's gluing techniques from proposition 2.1.1 
which we find extremely useful, involves the Niemeier lattice N of type A\^ (see theorem 



2.0.2 and definition 2.0.3). In other words, N is the Niemeier lattice with root sublattice 



R C N oi rank 24, where R has quadratic form diag(2, . . . , 2). Since A^ is unimodular, we 
have 

RCN CR\ 



where R* = \R and thus R* / R 



¥f. 



Hence N/ R can be viewed as a subspace of F 



24 
2 ' 



and in fact N/R = ^24, the extended binary Golay code |CS88i Ch. 16, 18]. Up 
to isometry, the extended binary Golay code is uniquely determined by the fact that it is 
a 12-dimensional subspace of Fg^ over F2 such that every v E ^24 has WElGHTn zero, 8 
(octad), 12 (dodecad), 16 (complement octad), or 24. For further details concerning 
the extended binary Golay code, which for brevity we simply call the Golay code from 



now on, see appendix A.l 



In terms of the Golay code ^24 C F2 , the Niemeier lattice A^ can be constructed from its 
root sublattice i? as a sublattice of R* = ^R: 

Proposition 2.3.1 Consider the Niemeier lattice of type Af^, which for the remainder of 
this work is denoted by N , and its root sublattice R. Then 

N = {veR* \ve ^24} , 
where v denotes the projection of v & R* to Fg^ = R*/R. 



As stated in theorem 2.0.2 , every Niemeier lattice A^ is uniquely determined by its root 
sublattice R up to isometry. In fact , if R has rank 24, then A^ can always be constructed 
from R analogously to proposition 2.3.1 In this paper, the Niemeier lattice A^ of type 
Af^ plays a special role, though, since the Mathieu GROUP M24 acts so naturally on itPl 
Namely, M24 is the automorphism group of the Golay code |Tod59l ITod66l IConTl] , and 
thus we have 

^that is, the number of non-zero entries 

^By giving an extensive list of examples, in |Nikll| Nikulin emphasizes that all 24 Niemeier lattices are 
important for the study of K3 surfaces; while this may be true, our objective is the clarification of the role 
of the Mathieu group M24, justifying our preference for the lattice N. 



12 



Proposition 2.3.2 Consider the Niemeier lattice N of type A\^ with root suhlattice R 
generated by the roots f\, . . . , j^^- The automorphism group of N is 

Aut{N) = (Za)^^ X M24, 

where the action of the n*^ factor of (^2)^^ is induced by fn ^-^■ — /„, while the Mathieu 
GROUP M24 is viewed as a subgroup of the permutation group S24 on 24 elements whose 
action on N is induced by permuting the roots /i, . . . , /24. 

Proof: Since every non-trivial codeword in the Golay code has at least weight 8, from 



proposition 2.3.1 we see that the set A of roots in A^ is 

A = {6eN\{6,6)=2} = {±f,,..., ±/24} . (2.9) 



Hence every lattice isometry 7 G Aut(A^) acts as a permutation on A. Proposition 2.3.1 
implies A^ C ^R and thus that 7 is uniquely determined by its action on A. Thus •y = ioa 
with L G (^2)^^ C Aut(A^) induced by a composition of involutions /„ 1— )■ —fn, and with 



a G Aut(A^) induced by a permutation of /i, . . . , /24. Now proposition 2.3.1 implies that 
a induces an action on ¥2^ = R* / R by permuting the binary coordinates of ¥\^, which 
must leave the Golay code ^24 C Fg^ invariant. In other words, a G M24. Vice versa, 
every involution /„ H- — /„ and every permutation of the binary coordinates of ^"^ which 
preserves the Golay code induces an automorphism of A^. From this the claim follows. ■ 

The above proposition allows us to view the Niemeier lattice A^ as a device which yields a 
geometric interpretation of the Mathieu group M24. On the other hand, this lattice turns 
out to share a number of properties with the integral homology of Kummer surfaces that 
we discussed in section 12. 2[ First we observe 

Proposition 2.3.3 The Niemeier lattice N of type A\^ possesses a primitive sublattice 



n C A^ which up to a total reversal of signature is isometric to the Kummer lattice (2.5) 
No other Niemeier lattice possesses such a sublattice. 



Proof: Given the Kummer lattice 11 of (2.5), consider the lattice 11 := n(— 1). We first 
show that n can be primitively embedded in some Niemeier lattice A^ by applying theorem 



2.1.3 to the lattice A = 11. 



Recall from definition 2.0.3 that a Niemeier lattice is an even unimodular lattice of signature 



(7+, 7_) = (24, 0). Furthermore, by proposition 2.2.3 and the explanations following it, the 
lattice n is a non-degenerate even lattice with signature (/+, /_) = (16, 0) and discriminant 
group Aq = n*/n = {Jj^f . In particular, the length of this group is i'(v4g) = 6, and for the 
reductions modulo primes we find i{Aq^ = 6 and i{Aq^) = 1 for all primes p 7^ 2. Since 



7+ + 7_ — /+ — L- = 7+ — /+ = 8 > 6 > 1, the conditions 1., 2., 3.ii. and 4:.oi theorem |2. 1.3 
hold, and thus 11 can be primitively embedded in some Niemeier lattice A^. 
For every Niemeier lattice A^, the root lattice R is known (see e.g. |GS88t §16.1]), and 
one checks that the Niemeier lattice A^ of type Af^ is the only one containing 16 pairwise 

13 



perpendicular roots, as 11 does. From this the claim follows. ■ 

In |Niklll Case 23] , Nikulin remarks that N is the only Niemeier lattice which can contain 
a primitive sublattice that up to a total signature reversal is isomorphic to the Kummer 
latticed] 

For our investigati ons, w e need an explicit realisation of a primitive sublattice 



n as in proposition 2.3.3 Our construction of the lattice 11 and its orthogonal complement 
i^ in A^ depends on the choice of an arbitrary special octad in the Golay code, i.e. 
a vector of weight 8 in ^24- For historical reasons, our choice of special octad is the 
codeword og := (0,0,1,0,1,1,0,0,1,0,0,0,0,0,1,0,0,0,1,0,0,0,1,1) G ^24 whose non- 
zero entries are the binary coordinates with labels {3, 5, 6, 9, 15, 19, 23, 24} C X with 
X := {1, . . . , 24}. For ease of notation, we regularly denote a codeword v G ^24 C W^^^ of 
the Golay code by listing the set A^ C X of coordinate labels with non-zero entries. With 
this notation, calculating the sum of codewords v, w E Q2A C Fg^ amounts to taking the 
SYMMETRIC DIFFERENCE of sets A^ + A^ = {A^ \ A^,) U {A^ \ A^). Our special octad 09 
is thus described by 

O9 := {3, 5, 6, 9, 15, 19, 23, 24} , (2.10) 

09 = (0,0,1,0,1,1,0,0,1,0,0,0,0,0,1,0,0,0,1,0,0,0,1,1) G ^24 CF^^ 

This is the octad corresponding to the standard MOG configuration described in appendix 



A. 2, where the two first columns have entries 1, and the others are 0. We now claim the 



following 

Proposition 2.3.4 Consider the Niemeier lattice N of type Af^ with root sublattice R 



generated by roots /i, . . . , /24. With our choice (2.10) of a special octad Oq let 

K:={ueN\yn^Og: (z/, /„) = 0} , fi := {z/ G iV | Vn G O9: (j^, /n) = 0} . (2.11) 
Then K and 11 are primitive sublattices of N which are orthogonal complements of one 



another. Moerover, n(— 1) is isometric to the Kummer lattice 11 as in (2.5). 



Proof: That K and 11 are primitive sublattices of A^ follows immediately from (2.11 ). For 
n G X, by construction, /„ G -ft' if and only if n G O9, while /,i G 11 if and only ii n ^ Og. 
Thus K has rank at least 8 and 11 has rank at least 16 with K-^ n A^ C 11, n-*- fl A^ C -ft'. 
Thus 8 + 16 = 24 = rk [N) implies that these lattices are orthogonal complements of one 
another. 



To prove that n(— 1) is isometric to the Kummer lattice 11 given in (2.5), first observe that 



there is a 5-dimensional subspace of the Golay code ^24, defined as the space of all those 



^Nikulin however fails to mention that the existence of a primitive sublattice 11 in ./V as in proposition 
|2.3.3| was first observed and proved in our first installment arXiv: 1008.0954 of this work. In fact he fails 
to observe that existence needs to be proved, whatsoever. 
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codewords which have no intersection with the octad Og. A basis of this space is 

Hi := {1,2,4,12,13,14,17,18}, 

% := {1,2,8,11,14,16,17,22}, 

7^3 := {1,8,10,11,13,17,18,21}, 

^4 := {1,4,11,13,14,16,20,21}, 

^5 := {2,7,8,10,12,17,18,22}. 



(2.12) 



Hence we have 



Now consider the map / : I\Og — > Fg with 



n = span^ \fn,n^OQ; ^ ^ /„, i = 1, . . . , 5 I . 



neHi 



I: 



1^(0,0,0,0), 
2^(0,0,1,1), 
4^(0,1,1,0), 
7^(1,1,1,1), 



8^(1,0,0,1), 
10^(1,1,0,1), 
11^(1,0,0,0), 
12^(0,1,1,1), 



Under this map, the elements of Hi with i 



(2.13) 



18^(0,1,0,1), 
20^(1,1,1,0), 
21^(1,1,0,0), 
22^ (1,0,1,1). 

(2.14) 
4 correspond to the hypercube points 



13^ (0,1,0,0) 
14f-> (0,0,1,0) 
16^ (1,0,1,0) 
17 K> (0,0,0,1) 



0-1, CL2, os, 04) G F2 with tti = 0, while the hypercube points corresponding to elements 



¥i 



In 



of H^ are obtained from those corresponding to Hi by a shift by (1, 1, 1, 1) G 

other words, in terms of the hypercube labels, each "Hj contains the labels corresponding 

to an affine hyperplane Hi C Fg*^, such that every hyperplane in Fg^ can be obtained from 



Hi, . . . , H^hj means of symmetric differences. Hence (2.5) and (2.13) show that the map 



fn '-!> Ej(^n) for n ^ Oq induces an isometry of lattices H(— 1) — ;■ H. 



To our knowledge, the relation of the Golay code to the Kummer lattice found in propo- 
sition 2.3.4 is a new observation. It is certainly crucial for our analysis below. Our map / 



in (2.14) induces the structure of a 4-dimensional vector space over F2 on the 16 labels of 
the Golay code in X \ Cg. This linear structure is known to group theorist^ In jCon71l 
Thm. 2.10], Conway proves that the general linear group ^4(2) of F2 is isomorphic to the 
permutation group Ag of even permutations on 8 elements. In our notations, the crucial 
step in the proof identifies the action of the stabilizer subgroup of OgU {7} in M24 with 
the action of a subgroup of -^4(2) on the 4-dimensional subspace of ^24 generated by the 
octads T-Li, . . . ,7/4 as in (2.12). By our construction, this vector space is the dual of our 
hypercube F2 built on I\Oq. The vector space structure of the latter, to our knowledge, is 



first mentioned by Curtis in |Cur89] . Hence altogether our proposition 2.3.4 gives a novel 
geometric meaning in terms of Kummer geometry to the known vector space structure on 



^as we learned after the previous installment of our work arXiv: 1107.3834 
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Note that both lattices K and 11 in proposition 2.3.4 are contained in the Q-span of their 



root sublattices. The gluing techniques of proposition 2.1.1| apply and allow us to recon- 
struct the Niemeier lattice A^ from these lattices. Indeed, first note that K* / K = 11* /II = 
{1^2)^ with associated discriminant forms obeying g^ = —qfj- Namely, as representatives 
Qij G K* of a minimal set of generators of K* / K we identify, for example. 



qi2 
qi3 



2 1/3 + /e ~ /l5 ~ /19) ) '?34 

2 ("/e + /l5 ~" /23 + 124) , ?24 
2 1/3 ~ Id ~ /l5 + /24) , '?23 



2 (/e + /g — /i5 — /19) ; 

2 (~/l5 + /l9 + /23 ~ /24) 
2 (/s ~ fd — /l5 + /23) , 



(2.15) 



where the choices of signs at this stage are arbitrary but will come useful later on. The 
resulting quadratic form is thus calculated to 



I 

\ 



1k=\ I a ] (2-16) 

with the associated bilinear form taking values in Q/Z. An analogous analysis yields rep- 
resentatives pij G n* of generators of n*/n which are glued to the qij under an appropriate 
isomorphism 

^■.K*/K-^W/YL, ^i(h])=pi], (2.17) 

such that g^ = —q^j o 7 for the associated quadratic forms. In fact, we can use 



P12 
Pn 

Pl4 



I (/i + /ii + /i3 + /21) 
I (/i + /ii + /i4 + /le) 
I (/i + fs + /ii + /17) , 



P34 
P24 
P23 



H/1 + /2 + /14 + /17) 
I (/l + /l3 + /l7 + /is) 
I (/l + /4 + /l3 + /14) 



(2.18) 



Denoting by Pj, C X the sets of labels such that 



Pij 



\llfr. ew 



n&Pi, 



in ( 2.18 ) above, we find that the map I of (2.14) maps Pij to the plane Pij C F^^ given in 
(2.7). In other words, the isometry between II and n(— 1) induced by / is compatible with 



the gluing prescriptions described in section 2.2 and above. 



As to uniqueness of the embedding of the Kummer lattice in the Niemeier lattice A^(— 1), 
we have 

Proposition 2.3.5 Consider the Niemeier lattice N of type Af^. The primitive embedding 
of the Kummer lattice U in A^(— 1) found in proposition ^ .'S^ is unique up to automorphisms 
ofN. 
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Proof: Assume that i: U "^ N{—1) is a primitive embedding of the Kummer lattice 11 in 
A^(— 1). Then from (2.5) we deduce that the i{E^), a G Fg, yield 16 pairwise perpendicular 
vectors in 11 := i(n) C A^(— 1) on which the quadratic form takes value —2. Hence by (2.9) 



and with the notations used there, for eve ry n G X \ Og we find some I{n) G X such that 
i{Ei(^n)) = ^fftn) ^ n, where I is the map (2.14) and the indices I{n) are pairwise distinct. 



In particular, i induces the hypercube structure of Fg on the labels {/(^) | n G X \ Og}, 
and the map induced by i{Ej(^n)) ^^ fn for all n G X \ Og is an isometry 11 = 11. 
Again by (2.5) we have e := ^ Y^dewj ^a e 11 and thus | Y.n&x\09 h{n) ^ ^- However, by 
proposition 2.3.l|this implies that O := {I{n) \ n G X\ Og} gives a codeword of the Golay 



code. It follows that (9 := X\ (!) is an octad in the Gol ay co de. This means that the lattice 
K := n-*- n A^ is isometric to the lattice K defined in (2.11). Note that K is generated by 
the fn with n G O along with I Xlneo /"• 



Using proposition |2. 1.1 we can recover A^ either from gluing fC to 11, or from gluing K to 
n. On the level of discriminant groups, our isometry 11 = 11 together with the respective 
gluing isometries yields an isometry of the discriminant groups K* /K — > K* /K. We 
need to show that this isometry can be lifted to an isometry K — > K in order to yield the 
isometry A' © 11 = A' © 11 compatible with gluing. This can be done by explicit calculation: 



Given the quadratic form (2.16) on our discriminant groups, it follows from the gluing 



prescription (2.17) that the preimages under K* / K — )■ K* /K of the qij with qij given by 



(|2JL5[ are of the form \ EneQ., /«' ^here \ E„eQ,, /" ^ ^* is glued to \ E„e4 /" ^ ^* 
with Pij = I{Pij) and I{Pij) = Pij C Fg in (2.7). In other words, Qij C O is a quadruplet 
of labels such that Py U Qij is an octad in the Golay code. Since O is an octad, by re- 
placing Qij hj 0\ Qij where necessary, we may assume that all Qij share a common label, 
say a. Comparing to the Qij C Cg which in (2.15) yield q^j = ^ EnGO, (-'-^")' *^ ^^P 

fa *-> /i5- By means of symmetric differences, for example P12 + -P13 + Q12 + Q13 must yield 
an octad, where -P12 + -P13 = -^(-Pi2 + -Pi3) is a quadruplet of labels. Thus Qu and Q13 share 



precisely two entries, a,b, say. Again comparing to (2.15), we map fb ^-)■ /e. Continuing 
in this fashion one obtains the desired isometry K — y K which by construction induces 
K* /K — y K* / K. In other words, it is compatible with gluing and we obtain an isometry 
A' © n = AT © n which can be extended to a lattice automorphism a of A^. Then aoi gives 



the primitive embedding of the Kummer lattice 11 in A^(— 1) found in proposition 2.3.3 



Finally, we give yet another description of the Niemeier lattice A^ in terms of the gluing 
techniques of proposition 2.1.1[ which resembles the description of the full integral K3- 



homology in proposition 2.2.4 



Proposition 2.3.6 Consider the Niemeier lattice N of type A\^ with root suhlattice R 
generated by roots fi, . . . , /24- With our choice (2.10) of a special octad Og let Uq G Og and 






"0 



{ueN\^n^Og\{n^]: (z., /„) = 0} , 
{ueN\^neOg\{n^]: (i., /„) = 0} . 
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Then /C„q is a root lattice of type A^ and Vno = 11 © span^j/n;,}. Both lattices are prim- 
itive sublattices of N which are orthogonal complements of one another. Furthermore, 



KJ^n, = V*/V, 



no 



(Z2)'^ under an isomorphims Qno 
anoiOij) ■= l{Qij)forij = 



KJ^n,-^V:JVn, Wtth 



12, 34, 13, 24, 14, 23, 



9no [,2 L^ 

neOgVIno} 



^no=n-l), 



/n) 



A^ 



if 



2 J not 



{k,p)e)C: 



no 



T>* 

' no 



9no{k) =P 



(2.19) 



with notations as in (2.15)-(2.18). 



Proof: The lattices /C^p, Vno ^^^ perpendicular primitive sublattices of A^ of rank 7 and 17 
and thus ortho gonal complements of one another by construction. 

By proposition 2.3.l| the lattice /C„o C /C is generated by the /„ with n E Og\ {no} along 
with linear combinations 1 J2neA /«' H A C Og\ {uq} corresponds to a codeword of the 
Golay code. However, since Og \ {ng} contains only 7 elements, while the shortest non- 
trivial codeword in the Golay code has weight 8, we find /C^g = span^j/^ \ n E Og\ {^o}}; 
which is a roo t latt ice of type Al as claimed. 



Similarly, by (2.11| the lattice Vno i^ generated by the elements of 11 along with /„;, and 



any linear combination ^ ^neA fn with AflCg = {no}, if A C X corresponds to a codeword 
of the Golay code. However, since Cg corresponds to a codeword in the Golay code, any 
two codewords of which intersect in an even number of labels, no such A can exist. In 

span^l/ng}, and thus Vno — ^(~1) by proposition 



other words, V. 



no 



H 



2.3.4 



along 



with the very definition of V in proposition 2.2.4 



Using proposition 2.1.1, the Niemeier lattice N can be glued from /C„o and Vno ^^ claimed 



in (2.19) 



The complex geometry and the symmetries of K3 
surfaces 



In the preceding section |2.2[ we have already addressed some properties of K3 surfaces and 
in particular of Kummer surfaces. Recall that the objective of this work is the investigation 
of finite groups of symplectic automorphisms of Kummer surfaces, and the role of the 
Mathieu group M24 in their realisation. We need a number of additional techniques to 
describe and investigate symplectic automorphisms of Kummer surfaces. This section 
reviews some of these techniques and introduces new ones. 



3.1 Complex structures and algebraic K3 surfaces 



Recall from definition 2.2.1 that we view a K3 surface X as a complex surface, which thus 
in particular comes with a choice of complex structure. Moreover, X has trivial canonical 
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bundle and hence there exists a holomorphic (2, 0)-form on X which never vanishes and 
which represents a Hodge-de Rham class Q G H'^{X,C). Having worked in homology, so 
far, we introduce the 2-cycle fi e H2{X,C) which is Poincare dual to fl. By construction, 
it obeys fi V i7 = 0, and Hi{X, M) 9 f2 V f2 is positive. Decomposing Vt into its real and its 
imaginary part, 

VL = VLi + iVt2, VLkeH2{X,R), 

the above conditions on ^2 immediately imply 

(fil, ^2) = 0, (fil, fil) = (^2, ^2) > 0. 

In other words, ^1,^2^ H2{X, M) form an orthogonal basis of a positive definite oriented 
2-dimensional subspace of H2{X,'R), which is traditionally denoted by Q, too. While the 
choice of complex structure on X obviously determines the position of Q relative to the 
lattice of integral homology H2{X,7j), it is a deep theorem, which is equivalent to the 
GLOBAL ToRELLi THEOREM FOR K3 SURFACES |Kul77t [LooSlt INam83| ISiuSlj ITodSOj . 
that the converse is also true: 

Theorem 3.1.1 (Torelli Theorem) Consider a K3 surface X and the 2-dimensional 
oriented subspace Q of H2{X,M.) whose basis is represented by the real and imaginary part 
of the Poincare dual of a holomorphic {2,0) -form on X which vanishes nowhere. The 
complex structure of X is uniquely determined by the position of Q relative to the lattice 
H2{X,7j) of integral homology. 



The Torelli Theorem 3.1.1 allows us to explicitly specify the complex structure of a given 
K3 surface in our applications by writing out the basis Qi, Q2 of Q in terms of lattice 
vectors in H2{X, Z). Indeed, this specifies the very location of Q relative to H2{X, Z) and 



thus the complex structure, by theorem 3.1.1 



In terms of local holomorphic coordinates zi, Z2, the procedure works as follows: Locally, 
a holomorphic (2, 0)-form representing Q has the form dzi A dz2, which with respect to real 
coordinates x = (xi, X2, Xs, X4), Zi = Xi -\- ix2, Z2 = x^ + 2x4, as before, yields 

dzi A dz2 = [dxi A dx^ — dx2 A dx^] + i [dxi A dx^ + dx2 A dx^] =: Qi + 1^2- (3.1) 

Here, the real valued two-forms Qi, Q2 represent the Poincare duals of Qi, ^2- Hence with 
respect to standard real coordinate vector fields ei, . . . , 64, the latter are readily identified 

as 

^1 = ei V 63 — 62 V 64, f22 = ei V 64 + 62 V 63. (3.2) 



Recall from definition 2.2.2 that a Kummer surface X with underlying torus T(A) carries 
the complex structure induced from the universal cover C^ = M.'^ of T{A). The above now 
allows us to calculate the complex structure of the Kummer surface X in terms of the lattice 
data A C C^ = M'*. Indeed, given a set of generators Ai, . . . , A4 of A, these are expressed 
in terms of the standard basis vectors ei, . . . , 64 of W^. Thus we obtain expressions for the 
Poincare duals oi dxiAdx3 — dx2Adx4 and dxiAdx4 + dx2Adx3 in terms of the Ajj = AjVAj, 
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our standard generators of H2{T{K)^'L). Now recall from definition 2.2.2| the linear map 
vr^, : H2{T{h),M.) — > H2{X,W) which is induced by the rational map vr: T(A) --->■ X. The 
images of dxi A dx^, — dx2 A dx^ and dxi A dx^ + dx2 A dx^ under tt^, yield the two-cycles 
Qi, Q2 specifying the complex structure of the Kummer surface X. One thus immediately 
obtains expressions for the ^2^ in terms of the lattice H2{X,7j), uniquely specifying the 
complex structure of X. 

Example: Consider the standard SQUARE TORUS Tq := T(Z'') = C^/Z'', where we simply 
have Cj = Aj, z = 1, . . . ,4, and thus fii = 7r*Ai3 — 7r*A24, ^2 = vr*Ai4 + 7r*A23 ^ H2{X, Z). 
Hence the Kummer surface Xq with underlying torus Tq has the special property that 
the 2-dimensional space ^2 C H2{Xq,'R) which specifies its complex structure contains a 
sublattice of H2{Xq, Z) of (the maximal possible) rank 2. For such K3 surfaces, by a seminal 
result of Shioda and Inose |SI77j . the quadratic form of the transcendental lattice 
Q n H2{X^7j) already uniquely determines the complex structure of X. In other words, 
the complex structure of the Kummer surface Xq with underlying torus Tq is uniquely 
determined by the following quadratic form of its transcendental lattice: 
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4'- P.3) 

According to the final remark of |SI77] . this means that Xq agrees with the so-called el- 
liptic MODULAR SURFACE OF LEVEL 4 defined over Q (a/^) of |Shi72l p. 57]. 

By a deep result due to Siu |Siu81] . every K3 surface is Kahler. In fact, in addition to a 
complex structure Vt C H2{X,M?), we always fix a special type of Kahler class on each 
of our K3 surfaces X. By definition, a Kahler class is the cohomology class of the two-form 
which is associated to a Kahler metric on X. By jTodSSj this amounts to choosing a real, 
positive, effective element of -ff^'^(X, C). Under Poincare duality, this translates into the 
choice of some u G fi-*- fl H2{X,W) with {(jJ.uj) > 0, ensuring effectiveness by replacing u 
by —u if necessary. 

Definition 3.1.2 Consider an algebraic K3 surface X, that is, X possesses an em- 
bedding in some complex projective space P^. Let Q C H2{X,'R) denote the oriented 
2-dimensional subspace which specifies the complex structure of X according to the Torelli 
Theorem \3.1.1[ A choice of polarization on X is the choice of some u G fi-*- nif2(-^, Z) 
with {uj,u) > 0. 

If X is a Kummer surface with underlying torus T{A), assume that the Poincare dual 
ujt of the standard Kahler class induced from the standard Euclidean metric on C^ obeys 
ujt G H2{T,Z). Then with vr* as in definition 12.2.21 we call tt^cut G fl-^ n H2{X,Z) the 

INDUCED POLARIZATION ON X. 

By the above, a choice of polarization on an algebraic K3 surface X is equivalent to the 
choice of a Kahler class on X which is represented by an integral Kahler form. It is known 
that a K3 surface X is algebraic if and only if it admits the choice of an integral Kahler 
form (see e.g. |(m78[ pp. 163, 191]). 

20 



All K3 surfaces relevant for this work are algebraic. If X is a Kummer surface then this 
means that we can equip X with a polarization tt^:UJt induced from the underlying torus. 
That this special type of polarization has been chosen is an important assumption which we 
make throughout our work. Without loss of generality we are also assuming a coordinate 
description for all our tori T = T(A) = C^/A where the polarization ut of T is induced 
from the standard Kahler structure of C^. The Kahler class dual to the polarization tt^wt 
is actually located on a wall of the Kahler cone of X. In other words, it represents a 
degenerate (or orbifold limit of a) Kahler metric on X. In this sense, the induced 
polarizations on our Kummer surfaces are degenerate polarizations. 

For later convenience, note that in terms of the standard local holomorphic coordinates on 
T(A) = C^/A the standard Kahler class is represented by 

— {dzi A dzi + dz2 A dz2) = dxi A dx2 + dx^ A dx4^ (3.4) 

and hence 

uj = tt^Wt = ei V 62 + 63 V 64 (3.5) 

with notations as above. The induced polarization on the Kummer surface obtained from 
T(A) can thus be immediately calculated in terms of the lattice H2{X, Z), given the lattice 
A of the underlying torus. 

Example: For our square torus Tq = T{7J^) above we argued that we have u = 71^,0;^ = 
7r*Ai2 + vr^,A34 G H2{Xq,'L) for the associated Kummer surface Xq. Hence this Kummer 
surface is algebraic. The real 3-dimensional subspace S of H2{Xq^M.) containing Vt and uj 
has the property that E niif2(-^0; ^) yields a lattice of (the maximal possible) rank 3, with 
quadratic form 

■ 4 

4 I . (3.6) 

4 

3.2 Symplectic automorphisms of algebraic K3 surfaces 

In this subsection, we consider a K3 surface X with a complex structure that is encoded in 
terms of a real 2-dimensional oriented positive definite subspace Vt C H2{X,M.) according 



to the ToreUi Theorem 13.1.11 We discuss the notion of symplectic AUTOMORPHlSMq^Jof 
X: 

Definition 3.2.1 Consider a K3 surface X. A map /: X — )■ X of finite order is called 
a SYMPLECTIC AUTOMORPHISM if and only if f is biholomorphic. 



^Here, we follow the terminology which has become standard, by now. Note however that in Nikulin's 
original work such automorphisms are called algebraic [NikSOa^ Def. 0.2]. 
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In other words, / : X — > X is a symplectic automorphism if and only if it is bijective, 
and both / and f~^ respect the complex structure of X. Such a symplectic automorphism 
induces a linear map /=„ on H^{X, M) which restricts to a lattice automorphism on H2{X, Z) 
and, according to our description of complex structures by means of the Torelli Theorem 



3.1.1, it acts as the identity on Q. In fact, by another version of the Torelli Theorem (see 



e.g. |Nik80a| Thm. 2.7']) the action of /* on H^{X,Z) uniquely determines the symplectic 
automorphism /. The following version of the Torelli Theorem is most adequate for our 
applications to symplectic automorphisms, and it is obtained from |Nik80ai Thms. 2.7'&4.3] 
in conjunction with |Kul77j and |BPdV84l Prop. VIII.3.10]: 

Theorem 3.2.2 (Torelli Theorem) Consider a K3 surface X and a lattice automor- 
phism a of H2{X,'Z), i.e. a linear map which respects the intersection form. Assume that 
after linear extension to H2{X,'R), a leaves Q invariant. 

Then a is induced by a symplectic automorphism of X if and only if the following holds: 
a preserves effectiveness for every E G i^-*- fl H2{X.,7j) with {E,E) = —2, the invariant 
sublattice L" := H2{X,'L)°' has a negative definite orthogonal complement L„ := (i^")"*" H 
H2{X, Z), and for all v G L^, {v, v) 7^—2. 
In this case the symplectic automorphism f with a = f^, is uniquely determined. 

This theorem allows us to carry out the entire discussion of symplectic automorphisms of 
a K3 surface X in terms of lattice automorphisms on H^{X, Z). Moreover, the restriction 
to finite symplectic automorphism groups of algebraic K3 surfaces conveniently translates 
into the restriction to polarization-preserving symplectic automorphism groups: 

Proposition 3.2.3 Consider an algebraic K3 surface X, and denote by G a non-trivial 
group of symplectic automorphisms of X . 

Then G is finite if and only if X possesses a polarization which is invariant under G. 
Equivalently, the sublattice L'^ C if* (X, Z) which is invariant under the induced action of 
G on i7*(X, Z) has signature (4,m_) with m_ G N and m_ > 1. 

Proof: Since X is algebraic by assumption, the PiCARD lattice Pic(X) := ^^r]H2{X, Z) 
has signature (l,p — 1) for some p G N, 1 < p < 20, and thus the transcendental 
LATTICE Tx := Pic(X)-L n H2{X,Z) has signature (2,20 - p). Moreover, by [NikSOal 
Lemma 4.2], Ho{X,Z) ®Tx ® Hi{X,Z) C L"^, hence L^ has signature (3 + t,m_) with 
t G {0,1} andm_ > 21 - p > 1. 



Assume first that G is finite. Then by the above version of the Torelli Theorem 3.2.2 , the 

lattice obtained as Lq := (L*^) H H2{X,Z) is negative definite, such that L'^ is a lattice 

of signature (4, m_) for some m_ G N, where m_ > 1 by the above. 

Next assume that L^ has signature (4,m_) with m_ > 1. Recall from the above that 

Hq{X, Z) © Tx © Hi{X, Z) is a sublattice of L^ of signature (3, 21 — p). Hence there exists 

some OJ G L*^ with {oj.uj) > and u G Tx H H2{X, Z) C fl^. In other words, there exists 

a polarization of X which is invariant under G. 

Finally, assume that X possesses a polarization u which is invariant under G. Hence the 

induced action of G on iJ* {X, M.) leaves the 3-dimensional vector space 11 d H^, (X, M) 
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generated by Q and u invariant. Thus the action of G on H^{X, Z) amounts to an action 
on the negative definite lattice Tj-^r\H2{X, Z). It is therefore given by a permutation group 
on every set of vectors of same length in that lattice, a finite set for every length. Thus 
G is represented on H^{X,M.) by the action of a finite group. Moreover, the uniqueness 



statement in the Torelli Theorem 3.2.2 implies that G acts faithfully on if*(X, M). It fol- 
lows that G is finite. ■ 

In this work, we restrict our attention to the investigation of finite symplectic automor- 



phism groups of algebraic K3 surfaces X. Hence by theorem 3.2.3 there exists a polarization 
CO oi X which is invariant under the action of G. We always choose such a G-invariant 
cycle u as polarization. In fact, Mukai shows in |Muk88j that the action of G on H^{X, Q) 
is a Mathieu representation, that is: The character /i of this representation is given 
by 

M^) = 24 I ord(<7) J] ("i + ln ygeG. 

Furthermore, with M23 C M24 the stabilizer group in the Mathieu group M24 of one label 
in X = {1, . . . , 24}, Mukai found the following seminal result |Muk88j : 

Theorem 3.2.4 Consider an algebraic K3 surface X, and a finite group G of symplectic 
automorphisms of X. Then G is isomorphic to a subgroup of one of those 11 subgroups of 
M23 which decompose X into at least five orbits. 

Following Mukai, two further independent proofs of the above theorem were given, namely 
by Xiao |Xia96] and by Kondo |Kon98] , see also |Mas86j . We use a number of ideas from 
Kondo's proof throughout this work. Therefore, we briefiy review its main steps, adjusting 
it slightly to fit our purposes: 

Proof (sketch): Assume that X is an algebraic K3 surface and that G is a non-trivial 
finite group acting as symplectic automorphism group on X. Let L'-^ C H^i^X^lj) denote 
the invariant sublattice of the integral homology ^ of X and Lq := {L^^ fl H^{X, Z). By 



theorem 3.2.3, Lq is negative definite of rank at most 19, while L'^ has at least rank 5. 
Moreover, denoting by t;o, v a choice of generators of Hq{X, Z), H^i^X, Z) with {vo,v) = 1, 
we have a lattice vector vo — v & L^ on which the quadratic form takes value —2. 



As an application of theorem 2.1.3, Kondo proves that a lattice Nq © (2) isometric to 



{Lg © (— 2))(— 1) can be primitively embedded in some Niemeier lattice A^ (see definition 



2.0.3), where (2) denotes a lattice of rank 1 with quadratic form (2) on a generator /, and 
(—2) = (2)(— 1). In fact, since G acts trivially on L'^, it acts trivially on the discriminant 
group {L^)*/L^. This in turn implies a trivial action of G on the discriminant group of 



^Here, we slightly modify Kondo's conventions: First, we work in homology instead of cohoniology, 
which by Poincare duality is equivalent. Second, instead of restricting to H2{X,'Z) we consider the total 
integral K3-homology, such that our lattice L*^ differs from the one in Kondo's work by a summand 
Ho{X,Z) © H4{X,Z) = U, a. hyperbolic lattice. Since the latter is unimodular, the arguments carry 
through identically. 
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Lg, since H^:{X,Z) is obtained by the gluing techniques of proposition 2.1.1 from L'^ and 
Lq. Hence on the Niemeier lattice A^, which can be obtained by the gluing techniques 
from Ng = Lg(— 1) and its orthogonal complement A^*-^ := (iVc)"*" fl N, the action of G on 
Nq = Lg{—1) can be extended to A^, leaving A^*^ invariant (see |Nik80al Prop. 1.1]). Note 
that in particular, by construction, the invariant sublattice A^*^ of A^ has rank rk (A^*^) = 
rk {L'^) > 5, and it contains the vector / on which the quadratic form takes value 2. While 
A^*^ and L^ in general have little in common, apart from their ranks and their discriminant 
groups, note that we can naturally identify ^° / G A^*"^ with Vq — v ^ L'^ C -ff*(X, Z). 
Next, for each Niemeier lattice A^ with root sublattice i?, Kondo shows that the induced 
action on N / R gives an injective image of the G-action and that it yields an embedding of 
G in M23. The latter is readily seen in the case of the Niemeier lattice A^ of type A\^: Here, 



N/R = ^24 C F2^ with Q2A the Golay code by proposition 2.3.1 Hence the action of G 
yields a group of automorphisms of the Golay code. Since M24 is the automorphism group 
of ^24; this yields an embedding of G in the Mathieu group M24. Moreover, the invariant 
part A^*-^ of A^ by construction contains the root /. Hence the induced action of G on the 
Golay code stabilizes the corresponding label in X. Therefore, Kondo's construction indeed 
embeds G in the subgroup M23 C M24 which stabilizes that label. ■ 

In fact, by Mukai's appendix to Kondo's paper, the Niemeier lattice A^ of type A^ can be 
used to construct a symplectic action of each of the 11 groups G in Mukai's classification. 
Note that this does not imply that the Niemeier lattices A^ can be replaced by A^ within the 
above proof. Mukai also proves in |Muk88] that each of the 11 groups in his classification 
actually occurs as the symplectic automorphism group of some algebraic K3 surface. The 
largest of these subgroups of M23 is the polarization-preserving symplectic automorphism 
group F384 of the Fermat quartic, a group of order 384. 

3.3 Symplectic automorphisms of algebraic Kummer surfaces 

Throughout this subsection we assume that X is an algebraic Kummer surface with un- 



derlying torus T = T(A), A C C . According to definition 2.2.2, X carries the complex 



structure which is induced from the universal cover £? of T. Furthermore, according to 



definition 3.1.2 we use the induced polarization on X. We are interested in the group 
of those symplectic automorphisms of X which fix the polarization. We call this group 

the POLARIZATION-PRESERVING SYMPLECTIC AUTOMORPHISM GROUP of X. It is im- 
portant to keep in mind that we are making a very special choice of polarization, which 
severely restricts the types of symmetry groups that are accessible to our methods. In this 
subsection, we determine the generic structure of such polarization-preserving symplectic 
automorphism groups of Kummer surfaces. While the description of these groups them- 



selves, which we give in proposition 3.3.4 along with the ideas that lead to it are known to 



the experts, our observation about their action on the K3-homology in theorem 3.3.7 is new 



^'^To obtain such an interpretation for /, our modification of Kondo's conventions is crucial. 
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We begin by specifying a group of polarization-preserving syniplectic automorphisms that 
all our Kummer surfaces share: 

Proposition 3.3.1 Consider an algebraic Kummer surface X with underlying torus T, 
equipped with the induced polarization. Let G denote the polarization-preserving symplectic 
automorphism group of X. Then G contains an abelian subgroup Gt which is isomorphic 
to (Z2)^. With notations as in definition U .2 .2\ and proposition I2.2.3| , 

Gt = {t'\he¥i^, 

where each a^ := t\ acts trivially on K = t:^[H2{T,'L)), and its action on the Kummer 
lattice n is induced by Eg_ i-)- -Eg;_|_g for all a G F2. 



Proof: From proposition 2.2.3 it immediately follows that the action of each a de- 
scribed above induces a lattice automorphism on H^ (X, Z) , such that for the sublat- 

tice L" of H2{X,'Z) which is invariant under a^ we have L" D K. It follows that 
L^s := (L" )-^nH2{X,Z) obeys L^s C 11. Thus L^g is negative definite. Moreover, by con- 
struction a^ preserves effectiveness, and since e := \ Ylia&-^ ^3- ^ -^° ^"^^ ^a^ ~ (-^" )"'"l~'n. 



(f , v) 7^ —2 for all 1; G L g. Hence by the Torelli Theorem 3.2.2, a is indeed induced by a 



uniquely determined polarization-preserving symplectic automorphism t of X. 



With T = T(A), recall from (2.4) and definition 2.2.2 that each E^, a G F|, is obtained 
by blowing up a singular point F^ in T/Z2. Hence for every lattice vector A G A, the 
shift symmetry x ^ x -\- \\ for x G M^ induces a symmetry on T/Z2 which permutes the 
singular points by the corresponding shift on the hypercube F2. If A = 'Yl,i=i ^i\ with 



generators Ai, . . . , A4 of A as in (2.4) and hi G {0, 1} for all i, then this symmetry induces 
the polarization-preserving symplectic automorphism t^ of the above proposition. This 
motivates our terminology of 

Definition 3.3.2 Consider an algebraic Kummer surface X with underlying torus T , 
equipped with the induced polarization. We call the group Gt = {'^2)^ of polarization- 
preserving symplectic automorphisms t^ , h G F^, obtained in proposition 13.3.11 the trans- 
lation AL AUTOMORPHISM GROUP OF X. 

We now proceed to determine the structure of the polarization-preserving symplectic au- 
tomorphism group G of a Kummer surface. First, the action of G preserves the special 



structure of the homology of Kummer surfaces that we described in proposition 2.2.3; the 



statements of the following proposition follow immediately from the results of |Nik75j : 

Proposition 3.3.3 Consider an algebraic Kummer surface X with underlying torus T , 
equipped with the induced polarization. Let f denote a polarization-preserving symplectic 
automorphism of X and a := /=„ its induced action on H^,{X,7j). 
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With notations as in definition 12.2.21 and proposition I2.2.3|. for the Kummer lattice 11 we 
have aijl) = U, and for K = tt^:{H2{T, Z)) we have a{K) = K . 

There is an affine linear map A on F| such that the action of a on Tl is induced by 
a{Eg) = EA(d), a G Fg. In fact, A uniquely determines f . 



Note that the translational automorphisms t^, b G Fg, found in proposition 3.3.1 are 
precisely the polarization-preserving symplectic automorphisms of an algebraic Kummer 
surface which are given by translations A{a) = a + b on the hypercube F| according to 



proposition 3.3.3 



We are now ready to describe the generic form of every polarization-preserving symplectic 
automorphism group of a Kummer surface. As mentioned above, this description along 
with the ideas which lead to it are known to the experts. However, for the reader's conve- 
nience and since we have not found an appropriate reference in the literature, we recall its 
derivation: 

Proposition 3.3.4 Consider an algebraic Kummer surface X with underlying torus T = 
T{A), equipped with the induced polarization. Let G denote its polarization-preserving 
symplectic automorphism group. Then the following holds: 

1. The group G is a semi-direct product Gt x Gt with Gt the translational automorphism 
group of definition 13.3.21 and Gt the group of those symplectic automorphisms of X 
that are induced by the polarization-preserving symplectic automorphisms of T that 
fix G C^/A = T. In other word^^ Gt — G^/Z2 with G'j- the group of non- 
translational polarization-preserving symplectic automorphisms ofT. 

2. The group G is isomorphic to a subgroup of {'^2)^ x Aj with Aj the group of even 
permutations on 7 elements. 



Proof: Throughout this proof we use the notations introduced in definition 2.2.2 and 



proposition 2.2.3 



1. Let f E G and a := /* as before. Proposition 3.3.3 implies that a induces an 
automorphism of i^ = 7t^{H2{T, Z)) = H2{T, Z)(2) and thus an automorphism a^ of 
H2(T, Z). Then a^ acts as a Hodge isometry on H2{T, Z), since a does so on H2{X, Z) 
and complex structure and polarization of X are induced by those on T. Hence by 
the global Torelli Theorem for complex tori, this means that a'rp = {fT)* for some 
polarization-preserving symplectic automorphism /^ of T. Let /t G Gt denote the 
automorphism which /^ induces on X (see for example the proof of |Nik75 , 
We claim that / = t^ofT for some 6 G Fg and t^ G Gt as in proposition 



'hm. 2]). 
Indeed, 
by construction, t* := ao ((/j.)^)~^ acts trivially on i^ = n^{H2{T, Z)). Under gluing 



3.3.1 



H to i^ according to proposition 2.1.1, this trivial action must be compatible with 



the action of t^ on H. In particular, t^, must induce an action on the hypercube F2 



^^The notion of polarization-preserving symplectic automorphisms on complex tori is defined completely 
analogously to our definition for K3 surfaces. 
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of labels a of the E^ which maps every affine plane in Fg to a parallel plane. One 
checks that this implies that t^ is a translational symplectic automorphism. 

The uniqueness of the decomposition f = t'^ o fr with t^ G Gt and /t G Gt and then 



G = Gt y<i Gt now follow from proposition 3.3.3 



2. Since we already know that G = G^ x Gt with Gt = (^2)^, it remains to show 
that Gt C Aj. However, this immediately follows from Fujiki's classification of 
polarization-preserving symplectic automorphism groups of complex tori |Fuj88[ Lem- 
ma 3.1&3.2]. Indeed, Fujiki proves that G'j^ is isomorphic to a subgroup of one of 
the following groups: The cyclic groups Z4 or Zg with Z4/Z2 = Z2 and Z6/Z2 = Z3, 
the binary dihedral groups (9 or "D of orders 8 or 12 with (9/Z2 = Z2 x Z2 and 
X'/Z2 = 5*3 (the permutation group on 3 elements), or the binary tetrahedral group 
T with T/Z2 = A4 (the group of even permutations on 4 elements). Hence Gt is 
isomorphic to a subgroup of Aq, the group of even permutations on 6 elements. With 
Aq C Aj the claim follows. h 



Note that by our proof of proposition |3.3.4[ every polarization-preserving symplectic au- 
tomorphism group of a Kummer surface is in fact isomorphic to a subgroup of (Z2)^ x A^. 
However, for reasons that will become clear later, we prefer working with the bigger group 

(Za)^ X Aj. 

Definition 3.3.5 We call the group {'^2)^ >< Aj, where Aj denotes the group of even per- 
mutations on 7 elements, the overarching finite symmetry group of Kummer 

SURFACES. 

Let us now take a closer look at the lattices that are involved in the action of a polarization- 
preserving symplectic automorphism group of a Kummer surface: 

Proposition 3.3.6 Consider an algebraic Kummer surface X with underlying torus T , 
equipped with the induced polarization. Let G denote its polarization-preserving symplectic 
automorphism group. Then the following holds, with notations as in proposition 12.2.41 - 

1. For the Kummer lattice H and the induced action of G on it, 

H^ = H n if,(X, Z)^ = span.^{e} with e := - J^ E^. 

aeF* 

2. LetLc ■■= (i^*(X,Z)^)^niJ*(X,Z) as before and vq G Ho{X,Z), v G Hi{X,Z) such 
that {vo,v) = 1. With G'j. the group of polarization-preserving symplectic automor- 
phisms of T that fix E C^/A, the lattice 

Mg:= Lg® span^ {e, Vq - v} 

is the orthogonal complement of the lattice Mq := tt^,{H2{T, 'Ij)'^t^ span^ {vq + v} 
in H^{X,Z). 
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Proof: 



1. This follows immediately from the fact that G contains the translational group Gt 



(Z2) by proposition 3.3.1 



2. From propositions 3.3.3 and 3.3.4 it follows that_^(X, Z)*^ is obtained by gluing 

Hence the claim follows from 



2.1.1 



'n-^,{H2{T,X) T^j and 11 according to proposition 

H^,{X,Z)'^ = H2{X,Z)'-' © span^jwo,!'} together with n*^ = spangle} along with 



proposition 2.1.1 



We are now ready to prove and appreciate the following result, which is crucial to our 
investigations: 

Theorem 3.3.7 Let X denote a Kummer surface with underlying torus T , equipped with 
the complex structure and polarization which are induced from T . Let G denote the 
polarization-preserving symplectic automorphism group of X . With notations as in proposi- 
ttonEMi in particular Lq = {H^{X, Z)^)^ n H^{X, Z) and vq G Ho{X, Z),v e H^iX, Z) 
such that {vq,v) = 1, and e := ^ SaeF* ^s, the lattice Mg{—1) with 

Mg := Lg® span^ {e, vq - v} 
can be primitively embedded in the Niemeier lattice N of type Af^. 



Proof: We apply Nikulin's theorem 2.1.3 to the lattice A 
and to the pair of integers (7-( 



Mg(-1) of signature {£+,£-) 



,7_) = (24,0). Throughout the proof we use the notations 
introduced in definition 2.2.2 proposition |2.2.3 and proposition |3.3.6 



Notice first that by proposition 3.3.6 our lattice Mg contains the lattice 
Mg := KG®Il®span^{vo-v} 



with Kg '■- 



TT* 



H2{T,Z 



\ ^T 



nH2iT,z: 



In fact property 2. in proposition 3.3.6 implies rk (Mg) = rk(MG). Hence the lattice 
Mg{—1) has signature (/+,/_) = (17 + k,0), where 17 = rk (H © span^ji^o ~ "^j) and 



\G' 



H2{T,Z 



\G' 



contains 



k := rk(i^G'). In particular, we have k < 3, since H2{T, 
the positive definite 3-dimensional subspace Sy C H2(T,'R) yielding complex structure 
and polarization of T, such that H2{T,Z)'^t has at least rank 3. Hence condition 1. in 
theorem 12.1.31 holds. 



By condition 2. in proposition 3.3.6, Mg is the orthogonal complement of the primitive 



sublattice M'q 



7T,{H2{T,Z 



,G 



span^ {t;o + t;} in the unimodular lattice if*(X, Z). 



Hence in particular Aq = {Mg)*/Mg = (M^)7M^ and 



£(A,)=£((M^)7M^)<rk(M^) 
proving condition 2. of theorem [2.1.3 



7 - /c = 7+ + 7_ - /+ - /_ 
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Since Mg(— 1) contains the lattice span^ji^o — v}{—l) of type Ai as direct summand, 
condition 3.i. of Nikulin's theorem is also immediate. 
It hence remains to be shown that 

i{Aqp) < 7 — A; = 7+ + 7- — /+ — /_ for every prime p j^ 2. (3.7) 

Using MgC MgC M^C M^, we find M^/Mq = {M^/Mg)/{Mg/Mg) and therefore 

A, = M^Mg C (mJ/Mg) / [Mg/Mg) . 

Since M^/Mg = K^/Kg x (Zs)^ with (i{K*(j/KG) < rk (Kg) < 3, for every prime j9 ^ 2 
this implies 

i{AJ < rk (i^c) < 3 < 7 - A; = 7+ + 7_ - /+ - /_ . 



Equation (3.7) is proved, so the assumptions of Nikulin's theorem 2.1.3 hold, which implies 
that Mg(— 1) can be primitively embedded into some Niemei er latt ice A^. By the above, 
n(-l) C Mg(-1) C Mg(-1) and thus iV = A^ by proposition [2. 3. 3 1 ■ 



To fully appreciate the theorem, note that it immediately implies the following 

Corollary 3.3.8 Let X denote a Kummer surface with underlying torus T, equipped with 
the induced polarization. Let G denote the polarization-preserving symplectic automorphism 
group of X. Then in Kondo's proof of Mukai's theorem \3 .2 A[ one can use the Niemeier 
lattice N of type Af^. Moreover, there is an isometry ig of a primitive sublattice Mg 
of H^{X,7j) to a primitive sublattice of N{—1) which is equivariant with respect to the 
natural actions ofG, where Mg contains the lattice Lg = [H^{X,Z)^) H H^:{X,Z), the 
Kummer lattice U of X, and the vector vq — v. Here, G-equivariance of ig means that 
iG{g*{v)) = g^iiciv)) for every g eG andv E Mg- 



This means that our theorem |3.3.7| offers an improvement of Kondo's techniques for all 
algebraic Kummer surfaces with induced polarization, since our lattice Mg contains the 
sublattice Lg which Kondo identifies in his Niemeier lattices and has rank rk {Mg) = 
rk (Lg) + 2. 

4 The overarching finite symmetry group of Kummer 
surfaces 



By Mukai's theorem 3.2.4 , certain comparatively small subgroups G of the Mathieu group 
M24 occur as polarization-preserving symplectic automorphism groups of K3 surfaces X. 
The correlation with M24 is made more explicit by Kondo's proof of this theorem, by 
which for the smallest primitive sublattice Lg C H^ {X, Z) with the property that G acts 
trivially on {Lg)^ there also exists a primitive embedding of Lg into some Niemeier lattice 
A^(— 1), such that the embedding is equivariant with respect to a natural action of G on A^. 
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Restricting our attention to algebraic Kummer surfaces with their induced polarizations, 



our theorem 3.3.7 allows us to replace the lattice Lg by a lattice Mq of higher rank 
(namely, rk (M^) = rk (Lg') + 2), and to replace the Niemeier lattice N, which is not further 
specified by Kondo's construction, by the Niemeier lattice A^ of type Al'^. In other words, 
a part of the K3-homology can be isometrically identified with a sublattice of the Niemeier 
lattice A^(— 1), where the group M24, whose role we would like to understand better, acts 



naturally (see proposition 2.3.2 ). This section is devoted to developing a technique by which 



we extend this identification even further, namely to a linear bijection between the two 
lattices if^,(X, Z) and A^(— 1). This bijection identifies two different primitive sublattices 
Mjjgj and Mjg^ of rank 20 in H^, {X, Z) isometrically with their images. Moreover, these 
embeddings are equivariant with respect to the actions of the groups T192 on M-ji^^ and 764 
on M7-64, respectively, which allows us to combine these groups to a bigger one, yielding 
the overarching finite symmetry group of Kummer surfaces (see definition 3.3.5). This 



group is by orders of magnitude larger than the largest polarization-preserving symplectic 
automorphism group of any K3 surface. 

4.1 The translational automorphism group Gt = (^2)^ 

As a first step of our construction, we consider the translational automorphism group Gt 



of definition 3.3.2, which all algebraic Kummer surfaces share. We proceed analogously to 



Kondo's proof of Mukai's theorem 3.2.4 

If G = Gt is the polarization-preserving symplectic automorphism group of a Kummer 



surface X with underlying torus T, then with notations as in proposition 2.2.3 and theorem 

7r*(i/2(T, Z)), we have 



Ho{X, Z)®K® span^je} © Hi{X, Z) 



3.3.7, in particular K 

H,{X,Zf 

and thus Mq = II © span2{t;o — v}, which can be primitively embedded in iV(— 1) by 
theorem 3.3.7 In fact, by proposition 2.2.4 we have Mg = V, where we know how to glue 
H^{X,Z) from the lattices J' and JC = V^ n H^{X,Z), and ( |2.19| ) shows V = P„o(-l) 
for a primitive sublattice Vno of N, uq G Og arbitrary, along with the relevant gluing 
prescription for A^. By the proof of proposition 



2.3.4 



an isometry V 



induced by E^, h-> fi-i(d) for every a G F2, with / as in (2.14), along with vq — v \-^ f, 



'P„o(— 1) can be 



/no- 



Since Gt acts on V by automorphisms, we obtain an induced action of Gt = (Z2) on Vn^ 
by enforcing our isometry V — > 'P„g(— 1) to be Gj-equivariant. By construction, Gt acts 
trivially on V* /V = V^^/Vno, and thus the action can be extended to one on A^ acting 
trivially on the orthogonal complement of Vno (^^^ |Nik80at Prop. 1.1]). The construction 
yields the following 

Proposition 4.1.1 Consider an algebraic Kummer surface X with underlying torus T, 
equipped with the induced polarization. Let G denote the polarization-preserving symplectic 
automorphism group of X and Gt C G the translational automorphism group according to 
proposition 13.3.11 
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There exists a primitive embedding ic'- Mq "-> A^(— 1) of the lattice Mq C //^.(X, Z) defined 
in theorem \'i.?).l\ into the Niemeier lattice N{—1) of type A\^ with the following properties: 
Consider the lattices V and Vn^ with the notations of propositions 12.2.41 and I2.3.6L where 
V C Mg by corollary \i.'i.^\ Then 



^G- 



E, 



^fi- 



1(a) 



for every a G Fg, 



where I is the map (2.14), and icij^) = 'Pno('~-'-) /^^ some Uq G Og. 



Moreover, by means of the embedding iq'- Mq ■=— )■ A^(— 1) the action of the translational 
automorphism group Gt on X inc 
by the following four involutions: 



automorphism group Gt on X induces an action of (^2)^ C M24 on N which is generated 



'-I 

1-3 



:i, 11)(2, 22)(4, 20)(7, 12)(8, 17)(10, 18)(13, 21)(14, 16), 
:i, 13)(2, 12)(4, 14)(7, 22)(8, 10)(11, 21)(16, 20)(17, 18), 
:i, 14)(2, 17)(4, 13)(7, 10)(8, 22)(11, 16)(12, 18)(20, 21), 
:i, 17)(2, 14)(4, 12)(7, 20)(8, 11)(10, 21)(13, 18)(16, 22), 



(4.1) 



where as in proposition \2.3.2\ the elements of M24 are viewed as permutations in S24 whose 
action on N is induced by a permutation of the /i, . . . , /24. 



Proof: With notations as above, theorem 3.3.7| imphes the existence of a primitive embed- 
ding i: Mq m- A^(— 1). In particular, we find a primi tive s ublattice V C iiMc) which is 
isometric to every Vn^ with uq G I\Oq. By proposition 2.3.6 we have Vno = IlQspan^ {/no} 
with n = n(— 1) for the Kummer lattice 11 of (2.5 ). S ince the ±/„ are the only vectors in 
A^ on which the quadratic form takes value 2 by ( [2.9 ), this implies V = II ©span^ {/no} 

with n = n(-ii 



2.3.5 



implies 



and for some uq G X. Our uniqueness result in proposition 
that there is a lattice automorphism a of A^ with a (11) = 11 and «(«(£'/(„))) = /„ for every 
n G X\Og. In other words, aoi gives a primitive embedding of Mq in A^(— 1) which embeds 
the lattice 11 as claimed. Moreover, a o i(^vo — v) = ±a{fno) = ±/no ioi some tiq G Cg due 
to (2.9) and vq — v & U^. Hence a o i ot its composition with the automorphism of A^ 
induced by /^o ^-^ —fno (see proposition 2.3.2) yields an embedding ic'- Mg ■— )■ A^(— 1) as 
claimed. 

We now apply the methods described before the statement of our proposition to induce 
an action of Gt = (^2)^ on A^ with respect to which the embedding ic is equivariant. In 
other words, with 61, . . . , 64 the standard basis of F2, for each k G {1, . . . , 4} we impose 
I{Lk{n)) = I{n) + bk for all n G XyCg, where / is the map (2.14). This uniquely determines 



the permutations 61, . . . , 64 of (4.1), which as one confirms as a cross-check^^ are elements 
of M24. ■ 



^^See appendix A.l for a definitfon of the extended binary Golay code t/24. See appendix A. 2 for the de- 
scription of a technique that may be used to prove that a given permutation of I preserves 024, for instance 
by verifying that its action on the Golay code basis {Oi,Or,O23,OQ,O20,O24,Os,OiQ,Ois,'Di,T>2,'D3} 
of (A.3) yields Golay codewords. 
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The precise form of the permutations in (4.1) depends on our specific choice of primitive 



embedding for the Kummer lattice 11 in A^(— 1), described in proposition 2.3.4 and in its 
proof. Indeed, the image n(— 1) of 11 u nder t he primitive embedding solely depends on the 
choice of the special octad Og used in ( 2.1l[ ). The isometry from 11 to n(— 1) induced by 
this embedding then solely depends on the choice of the octads Tii, . . . ,1-L^ in (2.12). As 



explained in the discussion of proposition |2.3.4[ the subspace of the Golay code generated 
by Hi, . . . , 7^4 is dual to the hypercube F| built on X \ Og by means of our map /. Then 
the choice of T^i, . . . , T-L^ amounts to the choice of an affine basis of the underlying affine 
4-dimensional space. 

Note that in general, the polarization-preserving symmetry group G of a Kummer surface 
contains the translational automorphism group Gt as a p roper subgroup. The primitive 

where P„(,(— 1) is a primitive 



embedding of Mq in A^(— 1) found in proposition 

sub lattice of the image of Mq-, can then be used to induce a faithful G-action on the 

Niemeier lattice A^ by enforcing the embedding ic: Mq ^^ N{~1) to be G-equivariant, by 



4.1.1 



the very same ideas that lead to proposition 4.1.1 



We claim that the embedding ic'- Mq ^^ N{—\) can be extended to a linear bijection 
between the K3-homology H^{X,'L) and A^(— 1). Indeed, H^,{X,'L) can be glued from 
V and its orthogonal complement /C, whil e N c an be glu ed from Vn^ and its orthogonal 
complement /C„o, 



by means of propositions 



2.2.4 



and 



isometrically identified with 'P„g(— 1), the extension to a bijection : H^{X, Z 



2.3.6, respectively. Since V is already 

1) 



Ni- 



amounts to the construction of a bijection /C — )■ /C„p(— 1) which induces an isometry from 
Mg n /C to its image, and which is compatible with gluing. The latter in turn amounts 
to compatibility with the isometries (up to signature inversion) g: /C*//C — > 'p* ^'p and 



"0 



y V'^^/Vno which are so fundamental to the gluing procedure, and which 
in particular, by means oiV = P„„(— 1), yield an isometry K* /fC — )■ lC*^^/fCniy In other 
words, we need to find a lift of fC* /K — )■ IQ^^/Kno to a bijection /C* — )■ /C*p(— 1) which 
induces a G-equivariant isometry from Mcfl/C to its image. This is always possible, and our 
compatibility conditions severely restrict the number of choices. Indeed, by construction 
Mcfl/C can be isometrically identified with (MG'n/CnQ)(— 1), where Mq denotes the image 
of Mg under its primitive embedding into A^. This determines the lift on a sublattice 
whose rank 7^ re depends on the group G. Hence we only need to extend the isometry 
MgH/C — > (MGn/C„J(-l) to a lift of /C7/C — > JC* /ICno- Since /C7/C ^ (Za)^ according 



to proposition |2.2.4 and thus /C*//C can be generated by no less than 7 elements, while 
the lattice K. has rank 7 as well, we are certain to find tg = rk ((Mg)-*- fl /C) compatibility 
conditions for the lift to (Mg-)-*- fl /C. 

In our construction we work with the tetrahedral Kummer surface where G = 7i92, a group 
of order 192 (see section 4.2), and with the Kummer surface associated to the square torus 

n/c, 



(see section 
764, a group of order 64 (see section 4.3). In both cases, the lattice (Mg) 



where G 

on which our lift is not uniquely determined up to lattice automorphisms by imposing that 

it induces tG'- Mg '^^ N{—1), has the minimal possible rank rg- = 4. 

Let us discuss the compatibility conditions for our bijection O: H^{X,'L) — > N{—1) 

which already arise from the construction so far, imposing equivariance only with respect 
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to the translational automorphism group Gt- In other words, let us discuss possible lifts 
of /C*//C — > /C* //C„(, to /C*. Recall from proposition 



2.2.4 



that JC*/JC is generated by 
the ^7i*Xij along with ^{vq + v) which under the composition of g: K,* /K, — > p* /p with 
the map induced by our isometry V = P„(,(— 1) are mapped to the | Xlnep fn and |/, 



"0' 



respectively. Here, Pij is the quadruplet of labels in X which under the map I corresponds 
to the plane Pij C F| in (2.7). Taking preimages under the map Qno '■ ^no/^no — ^ ^nn/^"o 
of proposition 



2.3.6 



we find that /C*//C — > /C* //C„(, is given by 



ln*Xij ^ q^ for ij = 12, 34, 13, 24, 14, 23, 



Uvo + v)^ ' 



neOa\{no} 



Jni 



where the qij can be represented, for example, by the qij of (2.15 ). We impose the additional 



constraint that the ^tt^Ajj and \(v + vq) should map to representatives of elements in 
^niJ^rio of minimal length under our lift. Then lifting to a bijection /C* — )■ /C*^ amounts 
to implementing 



K 3 TiAij ^ Y^ (±/„) G K, 



Vo + Vh-)- ^ (±/n), 
n£Og\{no} 



(4.2) 



where I EneQ,,(±/") = %' ^ ^V^ and thus I EneQ.,(±/") ^an be glued to I J2n&p,^ fn 
in A^. In other words, Qij C Og must be a quadruplet of labels such that Qij U Pij gives 
an octad in the Golay code ^24- In fact, each such quadruplet Qij must complete every 
quadruplet of labels which under / corresponds to a hypercube plane parallel to Pij to an 
octad in the Golay code. This turns out to leave a choice of two complementary quadruplets 
in Og for each label ij: 

Qi2 = {3,6,15,19} or {5,9,23,24}, 

Qi3 = {6,15,23,24} or {3,5,9,19}, 

Qi4 = {3,9, 15,24} or {5,6,19,23}, 

Q23 = {3,9,15,23} or {5,6,19,24}, 

Q24 = {15,19,23,24}or {3,5,6,9}, 

Q34 = {6,9,15,19} or {3,5,23,24}, 



(4.3) 



where 



K*/K -^ K*/K, 



1 \ 



t-)- 



2^ Jn- 

neQij 



(4.4) 



Note that in (2.15) we have chosen the first quadruplet listed in (4.3) for the Qij, through- 



out. In the following subsections, we show that with this choice, surprisingly, our bijection 
6 induces isometric embeddings of the lattices Mq for two distinct Kummer surfaces, the 
tetrahedral Kummer surface X^^ with G = 7i92 and the Kummer surface Xq of the square 
torus with G = %a. Our choice of the Qij is in fact unique with the property that for both 
groups G, the bijection 6 induces a G-equivariant isometric embedding of Mq in A^(— 1). 
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4.2 The tetrahedral Kummer surface 

By the above, we are looking for a linear bijection G : H^:{X, Z) — > N{—1) which induces 
an isonietry between as large sublattices of if*(X, Z) and of A^(— 1) as possible. By the- 
orem 3.3.7 , for an algebraic Kummer surface X with its induced polarization and with 
polarization-preserving symplectic automorphism group G, we already know that a prim- 
itive sublattice Mq of if^,(X, Z), with rk (Mg) = rk (L^) -|- 2 for the lattice Lq found by 
Kondo, can be primitively embedded in iV(— 1). Note that the rank of Mq increases with 
the group G. 

Our construction therefore sets out from the study of the algebraic Kummer surface whose 
polarization-preserving automorphism group has maximal order among all algebraic Kum- 



mer surfaces with their induced polarizations. According to proposition 3.3.4 , this amounts 
to a Kummer surface whose underlying torus T = T(A) has the largest group G^ of 
polarization-preserving non-translational symplectic automorphisms. By Fujiki's results 



|Fuj88 , Lemma 3.1&3.2], this is the torus T{A£)^) which we call the D4-TORUS, whose as- 



sociated Kummer surface X^j^ we call the tetrahedral Kummer surface for reasons 

is 



to be explained below. Its group of polarization-preserving symplectic automorphisms^ 
the finite group 7i92 := (^2)'' x ^4, with ^4 the group of even permutations on 4 elements. 
This subsection is devoted to the investigation of the tetrahedral Kummer surface X^^. 
In particular, we describe its polarization-preserving symplectic automorphism group 7i92 
as a subgroup of -F384, one of the 11 subgroups of M24 which have the property that 
every finite group of symplectic automorphisms of an algebraic K3 surface is isomorphic 



to a subgroup of one of them by Mukai's theorem 3.2.4 Moreover, we construct a linear 



bijection 0: if^(X, Z) — > N{—1) which induces an isometry of the lattice Mt-^qj of theorem 



3.3.7 with its image which is equivariant with respect to 7i92. 



4.2.1 The D4-torus and the tetrahedral Kummer surface 

As already mentioned above, we have the 

Definition 4.2.1 Consider the lattice A^,^ C C^ which is generated by the four vectors 

Ai = (l,0), A2 = (z,0), A3 = (0,1), A4 = ^(z + 1,^ + 1) eC\ (4.5) 

We call A/)4 the D4-LATTICE, and T = T{Ar)^) is the D4-TORUS. Moreover, we call 
the Kummer surface Xj:,^ with underlying torus T = T^AdJ, equipped with the induced 
polarization, the TETRAHEDRAL KUMMER SURFACE. 

Note that the D4-lattice is isomorphic to the root lattice of the simple Lie algebra 1)4, thus 
our terminology. For the tetrahedral Kummer surface Xjj^ our terminology is motivated by 
its polarization-preserving symplectic automorphism group. Namely, according to |Fuj88 
Table 9] we have 



^■^Note that the full symplectic automorphism group of the tetrahedral Kummer surface (disregarding 
the polarization) is infinite, see e.g. |SI77| . 
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Proposition 4.2.2 The group T of polarization-preserving symplectic automorphisms of 
the D4-torus has the maximal order 24 among all translation-free groups of polarization- 
preserving symplectic automorphisms of complex algebraic tori. The group T is the BINARY 
TETRAHEDRAL GROUP, and its action on the universal cover C"^ o/T(A£)^) with standard 
complex coordinates (2:1,-22) is generated by 



71 
72 

73 



[Zi,Z2) t-> {%Zi,-lZ2), 
{Zi,Z2) ^ {-Z2,Zi), 

^ '^{i{Zi- Z2),-{ZI+Z2)). 



(4.6) 



yZl,Z2) 



Note that the binary tetrahedral group T is a Z2-extension of the group A^ of orienta- 
tion preserving symmetries of a regular tetrahedron in M^. Indeed, the group A4 of even 
permutations on 4 elements acts as a subgroup of SO (3), and T is its lift to the universal 
cover SU(2) of S0(3). Clearly, 71 and 72 in ( 4.6[ ) have order 4, while 73 has order 3, and 
as a cross-check one confirms that the standard holomorphic (2,0)-form Q = dzi A dz2 
and the standard Kahler form ujt = ^(c^^i A dzi + dz2 A dz2) of T^Kd^) as in (3.1), (3.4) 
are invariant under T. Hence indeed, T acts as a polarization-preserving symplectic au- 
tomorphism group on T{K£)^. Since 7^ = 7I, for example, yields the Z2-orbifold action 
izi, Z2) I— !■ (— -2i, ~Z2) used in the Kummer construction of definition 2.2.2, the action of T 



on T{Ad^) induces a symplectic action of the tetrahedral symmetry group ^4 = T/{±1} 

on the corresponding Kummer surface Xo^ = T{K£,^)/'L2, thus our terminology. Moreover, 
ujt induces the polarization uj of this K3 surface. We have the following 



Proposition 4.2.3 Consider the tetrahedral Kummer surface X^,^ of definition 14.2. T\ with 

its induced polarization, and with notations as in definition 12.2.21 

The polarization-preserving symplectic automorphism group of Xo^ is the group T192 



(Z2)^ X Ai, where A4 denotes the group of even permutations on 4 elements. 

By means of the Torelli Theorem 13.1.11, the complex structure of Xj:,^ is specified by the 

2-dimensional oriented subspace Q C H2{Xu^,'R) with orthonormal basis 



^2 



-7r*Ai2 + 7r*Ai3 + 7r*A23 — 27r*A24, 

-7r*Ai2 — 7r=KAi3 + 7r=i,A23 + 27r*Ai4, 



where Xij = Aj V Xj as in (2.6) with generators Ai, . . . , A4 of HiiTo^, Z) represented by the 



Ai, . . . , A4 of (4.6). Furthermore, the induced polarization is 



u 



7r^,Ai2 + 7r*Ai3 + 7r*A23 + 27r^,A, 



34- 



Proof: By proposition 
morphisms of T(A£)^ 



4.2.2 



the group G'j^^ of polarization-preserving symplectic auto- 
that fix G C'^/Ajj^ is the binary tetrahedral group G'^^ = T with 

shows that T192 = I 



3.3.4 



2)' X A4 



Gt = G'j^^/'L2 = A4 by the above. Hence proposition 

is the polarization-preserving symplectic automorphism group of the tetrahedral Kummer 

surface. One checks that this group has order 192, thus the notation. 
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As explained in section 3A_ in terms of local coordinates the complex structure and polar- 

C2 



as given in (3.2) 

4 



(3.5), where 



ization of X^^ are determined by Vli, ^2, tu G 

Ci, . . . , 64 are the standard Euclidean coordinate vectors of 

may use standard coordinates on the universal cover of T^A^J to induce local coordinates 



Here, indeed, we 



on T{Ad^)/Z2 away from the singular points. The generators (4.5) of the lattice Ap ^ ar e 



Ai = ei, A2 = 62, A3 = 63 and A4 = 2(^1 + 62 + 63 + 64). Inserting these expressions in (3.2), 
(3.5), one obtains the formulas for ^1,^2;!^ in terms of the images n^:Xij G H2 {Xd^ , Z) of 



the Xij as claimed. 



By proposition 4.2.3, we in particular have ili, ^2, (^ £ H2{Xd^, Z), such that analogously 
to the example of the Kummer surface Xq with underlying torus Tq = C^/Z^ discussed in 



section 3.1, the results of Shioda and Inose |SI77] apply: The quadratic form associated 
to the transcendental lattice Q fl H2{Xd^,Z) of X^^ uniquely determines the complex 
structure of this Kummer surface. Since generators of this lattice are given by 



— vr^Ai2 + 7r^,Ai4 + 7r^<A23 ~ 7i'*A24) 

■'r*Ai3 ~ 71'*Ai4 — 7r,,A24, 



(4.7) 



4:Sij, 



in agreement with (3.3). In other words 



/i:= 1(^1 + ^2) = 
/2:= 1(^1-^2) = 

the relevant quadratic form is {Ii,Ij) 
Xr,^ and the Kummer surface Xq constructed from the square torus Tq share the same 
complex structure, and according to the final remark of |SI77] . they agree with the elliptic 
modular surface of level 4 defined over Q (a/— l) of |Shi72l p. 57]. However, our tetrahedral 
Kummer surface comes equipped with the polarization w, which is invariant under the 
action of the group T192 described in proposition 4.2.3, With S := span]jj{r2i,r22,Ci;}, the 
lattice S fl H2{Xd^, Z) has generators Ji, I2 as above and 



I2, := 2(^2 + to) = 7r*Ai4 + 7r*A23 + 7r*A 



34, 



(4.^ 



such that the associated quadratic form is 



4 





2 





4 


-2 


2 


-2 


4 



in contrast to (3.6). In other words, the Kummer surfaces Xq and Xjj^ carry different 
induced polarizations. 

For later convenience we note that the following three vectors generate the lattice S^ fl 
7r,(if2(T(Ai5j,Z)) of rank 3: 



li 



vr^<Ai4 + 7r^,A24 — 7r=i,A23, 

7i"*Ai3 + 7r*A24 + 7r*A34, 

-vr^<Ai2 + '?r*Ai4 + 7r^<A34. 



(4.9) 
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4.2.2 



The polarization-preserving symplectic automorphism group of the tetra- 
hedral Kummer surface as a subgroup of M24 



As was explained in section 4.1, our theorem 3.3.7 implies that the polarization-preserving 
symplectic automorphism group T192 of our tetrahedral Kummer surface X^^ also acts 
faithfully on the Niemeier lattice N of type Af^. In the following, we calculate this action, 
and thereby we identify 7i92 as a subgroup of the Mathieu group M24. Throughout, we 
use the same notations as in theorem 13.3.71 

Recall that the action of 7i92 on A^ can be induced by a primitive embedding of the lattice 
Mriga in A^(— 1) such that its image M-j^^^ contains one of the lattices "Pn^ of proposition 



2.3.6, uq E Oq. Such an embedding exists according to proposition 4.1.1 which in partic 



ular states that the embedding of the Kummer lattice 11 C Mji^^ i^ -^(~1) is induced by 
Ei(n) '— ^ fn for every n eX\ Oq, by means of the map I of (2.14). Moreover, according to 
that proposition, the involutions ti, . . . , ^4 G M24 of (4.1) yield the action which the trans- 
lational automorphism group Gt = (^2)^ in 7192 induces on A^, if we impose equivariance 
of our embedding ^rl92 • ^ri92 '~^ ^(^1) with respect to 7i92. 



By proposition 4.2.3, the 



symplectic action of the group 7i92 on the tetrahedral Kummer surface is generated by this 
translational automorphism group along with a symplectic action of ^4, which is induced 
by the symplectic action of the binary tetrahedral group T on T^Ad^). With respect to 
standard Euclidean coordinates on M^ = C^, by (4.6) the generators of the latter group 
are 



7l(xi,X2,X3,X4) 

72(xi,X2,a;3,X4) 
73(xi,X2,X3,a;4) 



(— X2,Xi,X4, — X3) 
{-X3,-X4,Xi,X2) 
^([-Xi - X2 + X3 + X4], [Xi - X2 - X3 + X4], 

[-Xi +X2-X3 + Xi], [-Xi -X2-X3- X4]). 



(4.10) 



On the generators Ai, . . . , A4 of A/)^ given in (4.5) we thus have 

Al H^ A2, 



7i 



72: 



73: 



Al ^ A3, 
A3 ^ -Al, 



A2 ^ -Al, A3 H^ -2A4 + Al + A2 + A3, 

A4 I-;- -A4 + A2 + A3, 

A2 1—^ 2A4 — Al — A2 — A3, 

A4 H- )■ A4 — Al — A2, 



(4.11) 



Al 1-^ A2 - A4, A2 !-)■ A3 - A, 



4, 



A3 ^ Al - A4, A4 ^ -2A4 + Al + A2 + A3. 



These transformations induce permutations of the singular points in T{Ao4^)/'^2 and thus 
affine linear maps [71], [72], [73] on the hypercube F^ which labels the E^ eH of proposition 



2.2.3 For the induced permutations % on X\ Cg, imposing equivariance of our embedding 
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2ri92 then amounts to the condition 7fc(n) = [7fc](/(n)) for all n G X \ Cg. We obtain 

71 = (2,8)(7,18)(10,22)(11,13)(12,17)(14,20), 

72 = (2,18)(7,8)(10,17)(11,14)(12,22)(13,20), (4.12) 

73 = (2,12,13)(4,16,21)(7,17,20)(8,22,14)(10,11,18). 

These permutations must be accompanied by appropriate permutations ak, k G {1, 2, 3}, 
of the labels in Og in order to yield automorphisms of the Niemeier lattice A^ or equiva- 
lently of the Golay code ^24- However, one checks that for each 7^, there exists a unique 
permutation 0"^ of Cg yielding 7fc := cTfc o 7^ e M24. Altogether we obtain 

Proposition 4.2.4 Consider the tetrahedral Kummer surface X^^ of definition \4.2.J\ 'with 
its induced polarization. Let ir^,^^'- ^Tw2 ^~^ ^(~1) denote a primitive embedding of the 
type constructed in proposition I4.1.1[ This embedding is equivariant with respect to the 
polarization-preserving symplectic automorphism group T192, where the action of this group 
on N is generated by 

ti = (1,11)(2,22)(4,20)(7,12)(8,17)(10,18)(13,21)(14,16), 

62 = (1,13)(2,12)(4,14)(7,22)(8,10)(11,21)(16,20)(17,18), 

t3 = (1,14)(2,17)(4,13)(7,10)(8,22)(11,16)(12,18)(20,21), 

64 = (1,17)(2,14)(4,12)(7,20)(8,11)(10,21)(13,18)(16,22), (4.13) 

71 = (2,8)(7,18)(9,24)(10,22)(11,13)(12,17)(14,20)(15,19), 

72 = (2,18)(7,8)(9,19)(10,17)(11,14)(12,22)(13,20)(15,24), 

73 = (2,12,13)(4,16,21)(7,17,20)(8,22,14)(9,19,24)(10,11,18). 

In particular, since fng is invariant under the action o/7ig2, we find uq G {3,5,6,23}. 

The above proposition identifies 7ig2 as a subgroup of M24 which leaves the octad Cg = 
{9, 5, 24, 19, 23, 3, 6, 15} invariant. This group may be constructed as a succession of stabi- 
lizers of the Mathieu group M24, starting with the stabilizer in M24 of the element 5 G X, 
which is M23, followed by the stabilizer in M23 of the element 3 G X, which is M22. The 
next step is to construct the stabilizer in M22 of the element 6 G X, which is PSL(3,4), 
and the stabilizer in PSL(3,4) of the element 23 G X, whose structure is (2,2)^ x A^, and 
finally to obtain the stabilizer in that group of the set {9, 15, 19,24}. This last stabilizer 
group has order 192 and coincides with the copy of 7ig2 generated above. Equivalently, 
one obtains 7ig2 from M23, the stabilizer of 5 G X, by first stabilizing the set Og. This 



yields the maximal subgroup (^2)^^ xi Ay of M23 which we will recover in section 4.4 Then 
successively stabilizing 3, 6, 23 G X in that group one obtains the (maximal) subgroups 
(Z2)^ X Ae, {J.2Y X A, {%2Y X A4 = rig2 of M22, PSL(3,4), (Za)^ x A5, respectively. 
We remark that the Mathieu group M24 may be generated from the set of 7 permutations 



given in (4.13), augmented by one extra involution, for instance 



65 = (1, 9)(2, 5)(3, 19)(4, 15)(6, 22)(7, 18)(8, 20)(10, 17)(11, 12)(13, 16)(14, 24)(21, 23). 
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This involution is one of the 7 involutions that are seen on the Klein map, and that generate 
M24 according to |Cur07] . 



Now recall our discussion in section 4.1 leading to (4.2)-(4.4), the consistency conditions for 
an extension of the G^-equivariant embedding i-j^^^ of Mq-^^^ in A^(— 1) to a linear bijection 
9: H^{X, Z) — )■ A^(— 1). By proposition 4.2.4, the embedding i-jiQ2 is actually equivariant 
with respect to the larger group T192 and imposes an isometry of Mj^^^ fl /C with its image. 



This amounts to the condition that the map ( 4.2[ ) is equivariant with respect to the action 
of A4 induced by (4.6) on the 7r^,Ajj G H2{X£i^, Z) and by the 7^ of (4.13) on our choices of 
Qij from (4.3). Thus, next we need to determine the action of each 7^ induced from (4.11) 
on the A 



HJ- 



( 7i(Ai2) 


\ 


/ 1 














0\ 


/Ai2\ 


7i(Ai3) 




-1 








1 


-2 





Al3 


7i(Ai4) 













1 


-1 





Al4 


71(^23) 




-1 


-1 


2 











A23 


71(^24) 




-1 


-1 


1 











A24 


\ 71(^34) 


/ 


V 1 


1 


-1 





1 


1/ 


V A34 / 


/ 72(Al2) \ 




( ° 


1 





1 





2 \ 


/ Ai2\ 


72(Al3) 







1 














Al3 


72(Al4) 







1 





1 





1 


Al4 


72(^23) 




-1 


-1 


2 











A23 


72(A24) 







-1 


1 


-1 


1 


-1 


A24 


V 72(A34) / 


I 1 





-1 








/ 


V A34 / 


/ 73(Al2) \ 


/ 











1 


-1 


1 \ 


/ A12 \ 


73(Al3) 




-1 





1 





-1 





Al3 


73(Al4) 




-1 





1 


1 


-1 


1 


Al4 


73(A23) 







-1 


1 








-1 


A23 


73(^24) 







-1 


1 


-1 


1 


-1 


A24 


\ 73(^34) / 


\ 


1 


1 


-1 





1 


1 / 


V A34 / 



The task now is to make a choice for each Qi 



in (|4.3|) such that in the map (|4.2|) there exists 

73- 



a choice of signs making it equivariant under 71, 72, 73- A first step towards a solution to 
this task, though not uniquely determined at this stage, is 



Proposition 4.2.5 The following choices in (4.3) yield a map I{7T^Xij) := Qij with /(A + 
A') := /(A) + /(A') by means of symmetric differences of sets which for each k = 1, 2, 3 
obeys /(vr*7fc(Aij)) = 'jkiQij) for all labels ij : 



(4.14) 



Q12 = {3,6,15,19}, 


Q34 = 


= {6,9,15,19}, 


Qi3 = {6,15,23,24}, 


Q24 = 


= {15,19,23,24} 


Qi4 = {3,9,15,24}, 


Q23 -- 


= {3,9,15,23}. 


All these Qij avoid the label no := 5 G Og. 
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In section 4.4 we shall show that there exists a linear bijection B: H^{X^'L) — > N{—1) 
which is compatible with the overarching finite symmetry group (^2)'^ x Aj of definition 



3.3.5 in the following sense: On two distinct sublattices Mq of rank 20 of H^,{X,'L) the 
map G restricts to isometric embeddings Mq M- A^(— 1) that are equivariant with respect 
to appropriate polarization-preserving symplectic automorphism groups G that generate 
(^2)'^ X Aj. Under both groups G, the vector vq — v E Mq is invariant. It follows that in 
order for such a map 6 to exist, there must be a label n^ G Og which occurs in none of the 
Qij. Indeed, /„g is the image oi Vq — v under the embedding iri92- Since the polarization- 
preserving automorphism group of our Kummer surface stabilizes the generators Vq and 
V of Ho{X,Z) and H4{X,Z), and since 2ri92 is equivariant with respect to 7i92, the root 
fno must be stabilized by 7i92- If /no is stabilized by the induced action of the entire 
overarching finite symmetry group, then /„(, cannot occur in any of the qij. In other words, 
the label Uq G Oq cannot occur in any of the Qij. 



4.2.3 A linear bijection between even unimodular lattices 



For the tetrahedral Kummer surface Xd^ of definition 4.2.1 with polarization-preserving 
symplectic automorphism group 7i92, in the following we shall show that the primitive 
embedding iji^^ : Mji^^ =-> A^(— 1) of proposition 4.1.1, which yields Eg 1— )■ fi-i(s) ior each 
a G F2 and Vq — v ^-^ fn^, can be extended to a linear bijection O: /7^,(X, Z) — y N{—1) 
which obeys (4.2) wi th the choices of proposition 4.2.5 and with no = 5. 



First, by proposition 4.2.5 the map / yields 

/(7r*Ai2 + 7r*A34 + 7r^,Ai4) 
/(vr*Ai2 + 7r*A34 + 7r*A23) 

/(7r*Ai3 + 7r*A24 + 71"*Ai2) 

?(7r*Ai3 + 7r*A24 + 7r^,A34) 
/(vr*Ai4 + vr*A23 + 7r*Ai3) 

/(vr^,Ai4 + 7r^,A23 + 71"*A24) 



{15,24}, 

{15,23}, 

{3,15}, 

{9,15}, 

{6,15}, 

{15,19}. 



(4.15) 



Therefore, if a map 9 exists as claimed, then it obeys 6: 7r^,Ai2±vr^,A34±7r^,Ai4 1— )■ ±/i5±/24, 
etc., with four signs to be chosen for each such identification. However, our choices of signs 



are severely restricted by imposing (4.2), and one checks that the following yields a lift of 



(4.4) which is consistent with all gluing prescriptions, with (4.2) as well as the above (4.15) 

"^ /24 — /l5) 



7-L - T- 
J I + h 



Jt 



It 
It 



"Vr^Ai2 + vr,,A34 + 7r^Ai4 

7r*Ai2 — 7r*A34 — 7r*A23 

7r*Ai3 + 7r=KA24 + 7r*Ai2 

7r*Ai3 + 7r*A24 + 7r*A34 

-vr*Ai4 -|- 7r=KA23 + 7r*Ai3 

vr*Ai4 — 7r*A23 + 7r*A24 



-^ /l5 — /23, 

■^ /a — /i5, 

-^ /g — /i5, 

-^ /i5 — /e, 

-^ /l9 — /l5, 



(4.16) 
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see (4.9) and (4.21) for the definitions of the I^ and J^), or equivalently 



6: 


vr*Ai2 ^ 


— ^ 2gi2 = 


/s + /e — /l5 — /l9, 


6: 


vr*A34 H 


-^ 2g34 = 


/e + /g — /i5 — /i9, 


6: 


vr*Ai3 ^ 


-^ 2gi3 = 


— /e + /l5 — /23 + /24, 


6: 


7r*A24 ^■ 


— > 2g24 - 


— fl5 + /l9 + /23 — /24, 


6: 


vr*Ai4 ^■ 


— > 2gi4 - 


fs — fd — /l5 + /24, 


6: 


vr*A23 ^ 


-^ 2g23 = 


fs — fd — fib + /23, 



(4.17) 



where 2gjj = ^„gQ..(±)/n in accord with (4.2) and (4.14). In (4.20) we will see that this 
choiceof signs allows us to isometrically identify the lattice generated by If*-, I2 ^ I^ & MT192 
with its image in A^(— 1). In particular, the choices of signs on the left hand side of (4.16) 



are already fixed by enforcing this property together with (4.2). Similarly, in (4.27) we will 



see that our choice of signs also allows us to isometrically identify the lattice generated 
by Jf*", J^, J^ e ^7^4 with its image in A^(— 1). Our choice of signs is unique with these 
properties, up to the freedom for each n G X to replace /„ by — /„ everywhere, which 
induces an isometry of A^ according to proposition 2.3.2[ This freedom of choice is in 
accord with the fact that we are actually interested in M24, where by proposition 2.3.2 
have M24 = Aut(iV)/(Z2)^^, with (Z2)^^ implementing precisely the freedom of choice 1 
replacing any /„ by — /„ everywhere. 
Finally, with our choice ^o = 5 from proposition 4.2.5, 0(i^o — v) = /s, and (4.2) lifts to 



we 



Q:vq + v\ — > h + fe + fg- fib- fi9- /23 - /; 



24- 



The signs on the right h and s ide are arbitrary, up to the fact that the right hand side 

with 



2.3.6 



together with the qij in (4.17) must generate the lattice /C„(, of proposition 

no = 5, ^5 = spang {/g, /g, fg, fib, /19, /23, /24} (see the proof of proposition |2. 3. 6[ ). We 

thus have 

Q: Vo I > l{f3 + fb + f6 + fg- fib - /l9 - /23 - /24) , 



6: V 



2 (/s ~ /s + /e + /9 — fib — fl9 — /23 — /; 



(4.18) 



24 J 



Collecting the various ingredients, we claim 



Theorem 4.2.6 Consider the tetrahedral Kummer surface X^^ of definition \A.2.1\ with its 
induced polarization and the polarization-preserving symplectic automorphism group 7i92- 
There exists a linear bijection O: if,,(X, Z) — y N{—1) which is induced by (4.17) and 



(4.18) along with the map I o/(2.14) which induces 



e-.Es^^f 



i-Hd) 



for every a E Fg. 



(4.19) 



The map B isometrically embeds the lattice Mji^^ of theorem \3. 3. 7\ into N{~1), such that 
the restriction i-ji^^ of Q to Mq-^g,^ yields an embedding iTig-z'- ^Ti92 ""^ ^i~^) ^f ^^^ ^VP^ 
constructed in proposition 14.1.11 Moreover, ij-^^^ is equivariant with respect to the group 
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7i92j where on H^,{X,7j) the action o/7i92 is induced by its action on Xd^ as polarization- 
preserving symplectic automorphism group, and on the Niemeier lattice N of type A\^ its 



action is generated by Li, . . . ,0^, 71, 72, 73 as in (4.13). The lattice M-ji^^ has rank 20. 



the proof of proposition 2.3.4, and since &{vo 



By proposition 2.2.^ 
by proposition 2.3.6 



Proof: We first need to show that (4.17), (4.18), (4.19) can be extended to a hnear bijection 
0: H^: {X, Z ) — y A^(— 1). With notations as in proposition 2.3.6 and using (4.16) along 
with (4.18) we see that 6(/C) = /C5. Similarly, (4.19) impli es 0( 11) = 11 according to 

/s by dlisl we find e(P) = Pg- 

while 



V 



we can now glue iif*(X, Z) from the sublattices /C and V, 
we ca n glue A^ from the sublattices /C5 and V^. By the discussion 



following proposition 4.1.1, the linear bijection 9: /C © P — > /C5 © 'P5(— 1) is compatible 
with this gluing if and only if it respects (4.2). We have ensured that this is the case 



by construction, namely by (4.17) and (4.18). Hence under gluing, B extends to a linear 

bijection B: if*(X, Z) — > A^(— 1) as claimed. 

Next we claim that B induces a primitive embedding iji^^ : Mji^^ M- A^(— 1) of the type 



constructed in proposition [4.1.1 By proposition 3.3.6| the lattice Mji^^ is the orthogonal 
complement of the lattice 7i^{H2(T{Aj:)_^),Z)^) © span^jwo + "^jj where T is the binary 
tetrahedral group acting as non-translational polarization preserving symplectic automor- 
phism group of the D4-torus. By proposition 4.2.3 together with (4.7), (4.8), the lattice 
71^{H2{T{Ad^),Z)'^) is generated by Ji, I2, I3 as defined there. Hence Mji^^ consists of 



spauj 



W 



5 -'2 ) -'3 ; 



P, 



with /^, A; = 1, 2, 3 as in (4.9), along with the appropriate rational combinations of contri- 



butions from K and H obtained by our gluing for generic Kummer surfaces. In particular, 
Mji^^ has rank 20. We need to show that B maps this lattice isometrically to a primitive 
sublattice of iV(— 1). We already know that Q{V) = V^^—l) isometrically, due to the above 
and the proof of proposition |2. 3. 4| Since we also know that B is compatible with the gluing 



of iJ* {X, Z) and A^ from V and V5 and their orthogonal complements, it suffices to show 
that the lattice generated by the I^, k G {1, 2, 3}, is isometric to the lattice generated by 



the three vectors B(J^), k G {1,2,3}, up to an inversion of signature. In fact, note that 



by (4.16) we have 



I^ 



/i9 — fi5, I2 ' — ^ /g ~ /: 



15, 



/24 - /: 



15, 



yielding the quadratic form of the corresponding lattices with respect to these generators 

as 

' -4 -2 -2 \ / 4 2 2 \ 

-2-4-2 I — > 2 4 2 (4.20) 

-2 -2 -4 / \ 2 2 4 / 

on both sides, as required. 

Finally, equivariance with respect to 7i92 follows by construction for the isometric embed- 
ding Z7-192 • ^Ti92 ^^ ^("1) obtained by restricting B to M^^gj, see proposition 4.2.4 ■ 
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Note that the comparison of the quadratic forms in (4.20) uniquely determines the relative 



signs in front of /15 in the formulas for the J^, k G {1, 2, 3}, in (4.16). Note furthermore 



that the remaining choices of signs in (4.16) amount to choosing one sign for each /, 



separately in the formulas for the I^ as well as in the identifications 



^1^ 



7i'*Ai3 + vr*A24 I — > /i9 - /e, 

7r*Ai4 — 7r*A23 ' ^ /24 — /23, 

vr*Ai2 - 7r*A34 I — y /a - /g. 



(4.21) 



We wish to emphasize that our gluing strategy leading to theorem 4.2.6 differs from that 



used by Kondo in |Kon98] . which was explained in section 3.2 Indeed, due to our theorem 



3.3.7[ instead of basing our construction on the lattices Lq and Nq which Kondo uses, we 
can work with the lattice Mq which contains Lq and exceeds it by rank 2. In particular, 
Mq contains the Kummer lattice 11, which simplifies our analysis greatly. Since the vector 
e = I ^aeF* Eg: E H is invariant under every polarization-preserving symplectic automor- 
phism of our Kummer surface (with its induced polarization), the Kummer lattice can 
never be contained in Kondo's lattice Lq- In this sense, our techniques improve Kondo's 
construction for all algebraic Kummer surfaces with induced polarization. 

4.3 The Kummer surface obtained from the square torus 

Let us now carry out a similar analysis as for the tetrahedral Kummer surface X^^ for 
another example of an algebraic Kummer surface: 

Definition 4.3.1 We call the standard torus Tq = T(Ao) = C^/Aq the SQUARE TORUS, 
where the generators of the lattice Aq are given by 



Ai = (l,0), A2 = (^,0), A3 = (0,1), A4 = (0,z). 
The Kummer surface with underlying torus Tq is denoted by Xq := T0/Z2. 



(4.22) 



In the example discussed around (3.3) and (3.6) we already found 



Proposition 4.3.2 Consider the Kummer surface Xq whose underlying torus is the square 
torus To of definition 14.3.11 

The real homology classes Qi, Q2, ^ which determine the complex structure of Xq, by means 
of the Torelli Theorem I3.1.1|. and the induced polarization are given by 



VLi = TT^A 



*^13 



7r*A 



*^247 



Qn 



7r*Ai4 + 7T^:A 



*^23j 



U 



7r*Ai2 + 7r^,A 



34- 



Furthermore, the ?>- dimensional subspace S of H2{Xq,M.) containing these three cycles 
yields a lattice S fl H2{Xo, Z) of (the maximal possible) rank 3, with quadratic form 
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One checks that the group of non-translational polarization-preserving symplectic auto- 
morphisms of the standard torus Tq is the binary dihedral group O of order 8 mentioned 



in the proof of proposition 3.3.4, which is generated by the symmetries 



tti: {zi,Z2) ^-^ {izi,-iz2), 

«2: {zi,Z2) ^ {-Z2,Zi) 

on the universal cover C^ of Tq, and which induces an action of (^2)^ = 0/^2 on the 
Kummer surface Xq obtained from Tq (see |Fuj88 Table 9] or e.g. |WenOOl Thm.7.3.12]). By 
proposition 3.3.4 it then follows that the polarization-preserving symplectic automorphism 
group of Xq is the group Gt x (^.2)^ of order 64, where Gt = (^2)^ is the translational 



automorphism group of definition 3.3.2 



Note that in terms of standard Euclidean coordinates of C , the symmetries ai and 02 agree 



with 7i, respectively 72 in (4.6). However, the induced actions on the lattice H2{To,'L) and 
thereby on H^{Xo,7j) are different, since the defining lattices of the underlying tori are 
different. Indeed, one immediate ly ch ecks that the induced actions of ai and ^2 on the 
generators Ai, . . . , A4 of Aq as in (4.22) are the following: 



ai: Ai I-)- A2, A2 I-)- -Ai, A3 I-)- -A4, A4 I-)- A3, 
02: Ai t-)- A3, A2 H- A4, A3 t-)- -Ai, A4 I-)- -A2. 

We therefore obtain 



(4.23) 



Proposition 4.3.3 Consider the Kummer surface Xq whose underlying torus is the square 
torus Tq of definition I4.3.1|, equipped with the induced polarization. 

The polarization-preserving symplectic automorphism group of Xq is the group Tq4 := Gt x 
(Z2)^ of order 64, where Gt = (^2)^ is the translational automorphism group of definition 
13.3.21 The induced action of the non-translational quotient group (2,2)^ on H2{Tq,1j) with 
respect to the basis Xij of {4.17) is generated by 



f «l(Al2) \ 


/ 


10 


ttl(Al3) 




0-10 


«l(Ai4) 




10 


ai(A23) 




10 


ai(A24) 




0-100 


\ ai(A34) / 


\ 


1 


/ a2(Ai2) 


\ 


/ 1 \ 


"2(^13) 




10 


a2(Ai4) 




10 


a2(A23) 




10 


a2(A24) 




10 


\ a2(A34) 


/ 


\ 1 / 



/ A12 \ 

Al3 
Al4 

A23 
A24 

V ^34 / 

/ A12 \ 
Al3 
A 14 

A23 

A 24 
VA34/ 



(4.24) 



(4.25) 
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We now investigate the compatibility of the hnear bijection G of theorem 4.2.6 with the 
polarization-preserving symplectic automorphism group 764 of Xq: 

Proposition 4.3.4 Consider the Kummer surface Xq whose underlying torus is the square 
torus To, with its polarization-preserving symplectic automorphism group Tqa according to 
proposition 14.3.31 Let Mj-^^ denote the sublattice of H^, (X, Z) introduced in theorem 13.3.71 
and leti-ji^: Mj-^^ — > N{—1) denote the restriction of the map G of theorem \4.2.i)\ to Mjg^. 
The map i-j^^ is equivariant with respect to the polarization-preserving symplectic automor- 
phism group %4, where the action of ti, . . . , L4 on N is given by (4.1), and the generators 
ai, a2 act by 



ai = (4,8)(6,19)(10,20)(11,13)(12,22)(14, 17)(16, 18)(23,24), 
a2 = (2,21)(3,9)(4,8)(10,12)(11,14)(13,17)(20,22)(23,24). 



(4.26) 



Proof: The equivariance of ^7-64 with respect to Li, . . . , L4 follows immediately from propo- 
sition 14.1.11 

For the generators ai, a^ of 764, we find that the transformations (4.23) induce permuta- 
tions [ofc] on the singular points of T0/Z2 and thus on the elements of our hypercube Fg. 
For the induced permutations a^ on X \ Cg, imposing equivariance of zt^^ amounts to the 
condition adn) 



[a;A;](/(n)) for all n G X\ Og, where / is the map (2.14). We obtain 



Si = (4,8)(10,20)(11,13)(12,22)(14,17)(16,18), 
Sa = (2,21)(4,8)(10,12)(11,14)(13,17)(20,22). 



From (4.24) we obtain the induced action of a\ on the vr^Ajj, such that equivariance of 

(4.2) implies that the induced action of a\ on the Qij must fix Q12 and (^34 and yield 

Q13 "^ Q245 Qi4 ^ Qiz- Given our choices for the Qij of proposition 4.2.5 which lead to 

(4.17), this action amounts to the permutation t\ := (6, 19)(23,24). 

Similarly, (4.25) imphes that 02 must fix Qia and (^24 and must induce Q12 ^ Qz^^ 

(^23, which amounts to the permutation Ti := (3, 9)(23, 24). 

permutations a^ := a^ ° t^, which agree with the permutations ai, 02 in our claim (4.26) 

are elements of the Mathieu group M^ 



Ql4^ 

One now checks that the 



24- 



We actually arrive at the surprising results of 

Theorem 4.3.5 Consider the Kummer surface Xq whose underlying torus is the square 
torus Tq of definition \A.3.il with its polarization-preserving symplectic automorphism group 
%4- Let Mj-^^ denote the sublattice of H^{X,Z) introduced in theorem \3. 3. 7\ and let i-j-^^ 
denote the restriction of the map G of theorem 14.2.61 to Mj^^ . 

The map ij^^ yields an isometric embedding ij-^^: Mj-^^ =-> A^(— 1) of the type constructed 
in proposition 14.1.11 Moreover, i-j-^^ is equivariant with respect to the group Tq^, where 
on H^{X,7j) the action of Tqa is induced by its action on Xq as polarization-preserving 
automorphism group, and on the Niemeier lattice N of type A\^ its action is generated by 
ti, . 



64, «!, 0^2 as in (4.1) and (4.26). The lattice Mj-^^ has rank 20. 
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Proof: By proposition |3.3.6 , the lattice Mj-^^ is the orthogonal complement of the lattice 
7i^:{H2(Tq,Z)'^) © span^jt^o + v}, where O is the binary dihedral group of order 8 acting 
as non-translational polarization-preserving symplectic automorphism group of the square 
torus. By proposition 4.3.2 the lattice ti^{H2{Tq,Ij)'^) is generated by Ji := 7r^,Ai3 ~ 
7r*A24, J2 '■= vr*Ai4 + vr=i,A23, "^3 := 7r*Ai2 + 7r*A34. Hence the lattice Mj-^^ consists of 



span^{Ji^,J2'-,4}©^, 



with J^, k 



1,2,3 as in (4.21), along with the appropriate rational combinations of 
contributions from K and IT obtained by our gluing for generic Kummer surfaces. In 
particular, M-j-^^ has rank 20. 
We need to show that G maps this lattice isometrically to a primitive sublattice of A ^(— 1 ). 



4.2.6 



We already know that O('P) = P5(— 1) isometrically, due to the proof of theorem 
Since we also know that G is compatible with the gluing of H^: {X, Z) and A^ from V and P5 
and their orthogonal complements by that same proof, it suffices to show that the lattice 
generated by the J^, k G {1, 2, 3}, is isometric to the lattice generated by th e thr ee vectors 
9(J^), k G {1,2,3}, up to an inversion of signature. In fact, note that by (4.16) we have 



J^ 



/i9 — h, J 2 



/24 — /23, "^3 



/s ~ /< 



9; 



yielding the quadratic form of the corresponding lattices with respect to these generators 



as 



4 











-4 











-4 




(4.27) 



on both sides, as required. 

Finally, equivariance with respect to 764 now follows from proposition 4.3.4 



Summarising, we have confirmed the surprising fact that the same bijection B of theorem 



4.2.6 is compatible with the polarization-preserving symplectic automorphism groups of 
two distinct Kummer surfaces, namely the tetrahedral Kummer surface and the Kummer 
surface whose underlying torus is the square torus. 



4.4 



Generating the overarching finite symmetry group of Kum- 
mer surfaces 



Let us now discuss the consequences of theorems |4. 2. 6| and |4. 3. 5[ which state that our map 
6 induces two isometric embeddings M-ji^^ ^^ A^(— 1) and M-j^^ -—^ N{—1). We can view 
9 as an overarching bijection for these two embeddings. Theorems |4.2.6| and |4.3.5 



also show that is compatible with enforcing equivariance on each iji with respect to its 
polarization-preserving symplectic symmetry group 7^, inducing actions of these groups 
on the Niemeier lattice N of type Af^ as subgroups of the Mathieu group M24. Hence the 
lattice A^ serves as a device which carries both these actions simultaneously, allowing us to 
make sense of combining these groups to a bigger group: 
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Theorem 4.4.1 Consider the subgroup Mjj of the Mathieu group M24 which is obtained by 
the combined actions of T192 O'^d 764 of theorems \A. 2. 6] and 14. 331 on the Niemeier lattice N 
of type Af^. This group is isomorphic to the overarching finite symmetry group (^2)^ x A^ 
of Kummer surfaces of definition I3.3.5[ 

If X is an arbitrary algebraic Kummer surface with induced polarization and polarization- 
preserving symplectic automorphism group G, let ig'- Mq "— ?■ A^(— 1) denote an isomet- 
ric embedding of the lattice Mq of theorem 13.3.71 according to proposition 14.1.11 such that 
ici.'P) = "^nol^l) with Uq e Og. By enforcing G-equivariance on iq, the group G acts 
faithfully on the Niemeier lattice N. If uq = 5, then this realises G as a subgroup of 
the group Mn. If uq 7^ 5, then G is a subgroup of a conjugate of M-a- In this sense, 
(Z2)^ X At contains the polarization-preserving symplectic automorphism group of every 
algebraic Kummer surface with induced polarization. 



Proof: By theorems |4.2.6| and |4.3.5[ the group Mn is generated by ti, . . . , 64, 71, 72, 73 as 
in (4.13) and ai, a2 as in (4.26). Clearly, the permutations li,. . . ,14 generate a faithful 
action of (^2)^ on X = {1, ... , 24} which leaves the labels in the special octad Og invariant 
pointwise. Furthermore, one readily sees that 71, 72, 73, ai, 02 induce a faithful action of 
A-r on Og \ {5}. Hence Mu C (Z2)^ x A7. 

On the other hand, by construction both our groups T192 and 764 act on A^ as subgroups of 
the stabilizer subgroup of M24 of our special octad Og. According to |Tod66j this group is 
a maximal subgroup of M24, and it is isomorphic to {'^2)^ >^ Ag, where A^ is realised as the 
group of permutations undergone by the 8 points of Og. Since in addition, both our groups 
7i92 and 764 stabilize the label 5 = no € Cg, we find that both of them are subgroups of 
the corresponding maximal subgroup (^2)^ x Aj of M23. In particular, Mn D (^2)^ x Aj, 
thus by the above Mn = (^2)^ x Aj is isomorphic to the overarching finite symmetry group 
of Kummer surfaces, as claimed. 

Consider an algebraic Kummer surface X with induced polarization and polarization- 
preserving symplectic automorphism group G, and the corresponding lattice Mq that 

Let ic- Mg ^ N{- 



-1 



Vno{—^) according to proposition 



4.1.1 



denote the isometric embed- 
where riQ G Og. Assume 
)y enfor cing G -equivariance 
we know that 



2.3.6 



was constructed in theorem 3.3.7 

ding with iciV) 

first that no = 5. Then the action of G on A^ obtained 

on Ig maps /C5 = V^ fl A^ onto itself. By the proof of proposition 

^5 = spang {/3, /e, /9,/i5, /19, /23, /24}- Hence G stabilizes the special octad Og = 

{3, 5, 6, 9, 15, 19, 23, 24} and fixes no = 5. Thus, by the above, G is a subgroup of 

the maximal subgroup Mn = (^2)^ x Aj of M23. If no 7^ 5, then analogously one finds 

G C M^ = (^2)^ X Aj where M/j is the subgroup of M24 containing those automorphisms 

that stabilize the special octad Og and that fix no. Using the structure of the stabilizer 

group of Og described above, one finds that M/j is obtained from Mn by conjugation. ■ 



The group Mn = (^2)^ x Aj obtained in theorem 4.4.1 has order 40320. By the re 



suits of the theorem it is also the largest group we can possibly obtain by combining sev- 
eral polarization-preserving symplectic automorphism groups of Kummer surfaces through 
equivariant embeddings overarched by some linear bijection /7^,(X, Z) — y N{—1) like our 
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map B of theorem 4.2.6 



Although we have not discussed the detailed proof of this statement here, it is worthwhile 
mentioning that our map G is almost uniquely determined by the requirement that it 



induces isometric embeddings of the type constructed in proposition |4. 1. 1] for both lattices 
Mqig^ and Mt^^. Our explicit formulas, of course, first of all depend on our choice of Og as 
our special octad, and more precisely on the particular embedding of the Kummer lattice 
n in the Niemeier lattice A^(— 1) of type A\^ that we constructed in the proof of proposition 



2.3.4 However, by proposition 2.3.5 any other embedding of 11 is related to the one used 
by us by an automorphism of the Niemeier lattice N . On the level of subgroups of the 
Mathieu group M24, this amounts to conjugating by some element of M24. 
Once our embedding of 11 in A^(— 1) has been chosen, our requirements on B turn out to 
enforce the choices (4.14) for the quadruplets Qij in our special octad Cg. Concerning the 



choices of signs in (4.2 ), as mentioned in the discussion of equation (4.17), these are unique 
up to the freedom for each n G X to replace /„ by —fn everywhere, and up to some choices 
of signs in the image oi vq + v. 

Now recall once again that the involutions on the Niemeier lattice N of type A\^ induced 
by fn ^^ —fn should not play a role in describing symmetries of Kummer surfaces, or 
in fact their associated superconformal field theories: On the one hand, by proposition 



2.3.2 the Mathieu group M24, which we are interested in, is obtained as factor group of 
Aut(A^) by the normal subgroup (^2)^^ generated by these involutions. On the other 
hand, consider a symplectic automorphism of a K3 surface X whose induced action on 
H^.{X,'Ij) is given by the lattice automorphism a. We claim that a{E) 7^ —E for every 
E G -ff*(X, Z) with {E,E) = —2. Indeed, a{v) = —v for some v G iif*(X, Z) immediately 
implies f ± L^, where L^ := if^,(X, Z)" is the sublattice of if^(X, Z) which is invariant 
under a. Since L^ = Ho{X, Z) © L" © H^iX, Z) with L" := H2{X, Z)", this implies that 



V e La:= {L'^ynH^{X, Z) = {L"ynH2iX, Z). Hence by the very ToreUi Theorem |3. 2. 2 
{v,v) 7^ —2. By arguments analogous to those used for symplectic automorphisms of K3 
surfaces, one may deduce the following from the definition of symmetries of non-linear 

cr-MODELS ON K3 PRESERVING THE J\f = (4,4) SUPERCONFORMAL ALGEBRA given in 

[GHV] : Firstly, any such symmetry induces a lattice automorphism a on H^,{X, Z), which in 
turn uniquely determines the symmetry. Furthermore, a{E) 7^ —E for every E G H^{X, Z) 
with {E, E) = —2. In particular, an involution of the Niemeier lattice N induced by 
/„ I—)- —fn can never correspond to a symplectic automorphism of a K3 surface or to a 
symmetry of a non-linear cr-model on K3 which preserves the Af = (4, 4) superconformal 
algebra. 
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5 Conclusions and outlook 

This work gives a novel perspective on polarization-preserving symplectic automorphisms 
of Kummer surfaces whose polarization is induced by the underlying complex torus. While 
finite symplectic automorphism groups of K3 surfaces, in general, have been classified and 
described by Mukai and Kondo in their seminal works |Muk88l IKon98] , we improve their 
description in the case of Kummer surfaces through an identification of lattice automor- 
phisms. This provides a concrete representation in terms of permutations of 24 elements 
which are symmetries of the binary extended Golay code, and thus in terms of subgroups 
of the Mathieu group M24. 

For an algebraic K3 surface X with polarization-preserving symplectic automorphism group 
G and Lq C -ff* (X, Z) the orthogonal complement of the G- invariant part of the K3- 
homology, one finds by the results of Kondo jKonQSj a Niemeier lattice N , which carries 
a^ faithful G-action, such that Lq can be primitively and G-equivariantly embedded in 
A^(— 1). We improve this result for all algebraic Kummer surfaces whose polarization is 
induced from the underlying complex torus: We prove that in this case the Niemeier 
lattice N , which is not further specified in Kondo's construction, can be replaced by the 
Niemeier lattice A^ of type A\^. Moreover, the lattice Lq can be replaced by a lattice 
Mg with rk {Mg) = rk {Lq) + 2 which contains Lq-, that is, Mq can be primitively and 
G-equivariantly embedded in A^(— 1). We deduce that for every algebraic Kummer surface 
whose polarization is induced from the underlying torus, one can construct a Z-linear 
bijection ilf*(X, Z) — )■ N{—1) whose restriction to Mq yields an isometric, G-equivariant 
primitive embedding. 

We explicitly construct a map with the above-mentioned properties for the tetrahedral 
Kummer surface Xn^ with polarization-preserving symplectic automorphism group 7i92 of 
order 192. The nature of this map depends on the details of the complex structure and 
polarization, and its analog for other Kummer surfaces must therefore be constructed case 
by case, but is not difficult to obtain in the framework set up in our work. Surprisingly, we 
arrive at a map which, apart from restricting to an isometric, 7i92-equivariant embedding 
of Mji^^ in A^(— 1), also restricts to an isometric, G-equivariant embedding of Mg in A^(— 1) 
for a different Kummer surface Xq, namely the one obtained from the square torus Tq. 
The polarization-preserving symplectic symmetry group G = 764 of Xq has order 64. By 
construction, the lattice Mq is negative definite for every Kummer surface. Both for 
X04, and for Xq it turns out to have the maximal possible rank 20. The smallest primitive 
sublattice of iI*(X, Z) containing both lattices Mj-^gj and M^g^ is H2{X, Ij)(Bspa.n^{vo — v}, 
where Vq G Ho{X, Z) and v G H^i^X, Z) with {vq, v) = 1. 

Our map thus yields an action of the groups 7i92 and 764 on the Niemeier lattice N, 
realising each of them as a subgroup of the Mathieu group M24. Again, the nature of the 
respective permutations depends on the details of the complex structure and polarization, 
and their analog for other Kummer surfaces can be worked out similarly. There are further 
Kummer surfaces whose symmetries are consistently described by our specific map 0. For 
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example, the Zs-symmetric torus T(3) = C^/A(3) with A(3) generated by 

Ai = (l,0), A2 = (^,0), A3 = (|,f), A4 = (-|,^) eC (5.1) 

yields a Kummer surface whose polarization-preserving symplectic automorphism group G 
is also compatible with our map 0, if for the two-cycles yielding complex structure and 
polarization one uses 

fii = ei V 62 + 63 V 64, Q2 = — Ci V 64 — 62 V 63, cD = Ci V 63 — 62 V 64. 

In this case our map G restricts to a primitive G-equivariant map from Mq to A^(— 1), 
which however is not isometric. 

While is by no means compatible with the symmetries of all Kummer surfaces, the sur- 
prising observation is the fact that it yields a device which allows to simultaneously realise 
several finite symplectic automorphism groups of different Kummer surfaces in terms of 
subgroups of M23 acting on A^. The combined action of these groups yields the overarching 
finite symmetry group (2,2)^ x A^ of Kummer surfaces, which contains every polarization- 
preserving symplectic automorphism group of a Kummer surface with induced polarization 
as a subgroup, and it is the maximal group that our techniques can describe, so far. 

A crucial observation which underlies our construction is the fact that the Niemeier lattice 
A^ of type Af^ contains a primitive sublattice 11 which is isometric to the Kummer lattice 
n, up to a total inversion of signature. This observation - though not very hard to prove 
- is new, and it gives a geometric meaning to a fact known to group theorists, namely 
that the complement of an octad in the extended binary Golay code naturally carries the 
structure of a 4-dimensional vector space over F2. In fact, the Kummer lattice 11 is a 
primitive sublattice of our lattice Mq for every Kummer surface, while 11 can never be a 
sublattice of the lattice Lq C Mq used by Kondo in his construction. Our lattice Mq can 
be generated by Kondo's lattice Lq together with the Kummer lattice 11 and the vector 
Vq — v mentioned above. This vector gives a geometric interpretation to the invariant root 
needed in Kondo's construction, whose role had been mysterious, so far. 
The lattices 11 and 11, however, govern the symmetries in our polarization-preserving sym- 
plectic automorphism groups G, as we shall explain now. By the known structure of 11 
and n, the group of isometries for both lattices is isomorphic to Aff(F2) x (Z2)^^, where 
each factor of (Z2)^^ is induced by inverting the sign of one lattice vector on which the 
quadratic form takes value ±2. Hence restricting to the analogs of effective automor- 
phisms known from geometry, we can restrict our attention to the afiine linear maps in 
Aff(F4) = (Z2)^xGL(4,F2). 

Consider the action of a lattice automorphism a on 11 = n(— 1) with a G Aff(F2). If a 
is an element of the normal subgroup (Z2)*^, then it corresponds to a translation on the 
hypercube underlying the lattices 11 and 11, and it induces a trivial action on the discrim- 
inant groups n*/n and 11* /II. Thus a can be trivially extended to a lattice automor- 
phism of the K3-homology H^{X, Z) and of the Niemeier lattice A^ of type Af^. We claim 
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that extensions to lattice automorphisms of H^,{X,7j) and A^ exist for every a G Aff(F2) 
which is represented by an action as automorphism of 11 = n(— 1). For the K3-homology 
H^{X,7j) this follows immediately from |Nik80at Thm. 1.7] (using |Nik80at Remark 1.2]), 
since n-*- n H^[X, Z) = U^{2) © f/ is an even lattice of signature (4, 4) whose discriminant 
group has length 6 = 4 + 4 — 2. For the Niemeier lattice A^ it is a consequence of the fact 
that the stabilizer group of an octad in the Golay code is isomorphic to (^2)^ x Ag, where 
Ag is realised as the group of permutations undergone by the 8 points of that octad ac- 
cording to |Tod66] . Indeed, Conway's proof of |Con71t Thm. 2.10] shows that the induced 
action on 11 is precisely our group of effective lattice automorphisms Aff (F2) = (^2)^ ^ ^8- 
Hence every a G Aff (F2) C Aut(n) is the restriction of some lattice automorphism of A^ to 
the sublattice 11, which in fact is uniquely determined. In the case of extending a to the 
full K3-homology, we do not have a uniqueness statement in general. However, restricting 
to lattice automorphisms which are induced by some polarization-preserving symplectic 
automorphism of a K3 surface, uniqueness follows from the Torelli Theorem. 
In summary, the lattice automorphisms that are of interest in this work are completely 
determined by their restrictions to H and H, respectively. This explains why extending 
Kondo's lattice Lq to a lattice Mq which contains H is such a useful idea. That this idea 
works is one of our main results. 

While it thus may be tempting to expect some natural geometric interpretation of the 
group (^2)^ X Ag in terms of polarization-preserving symplectic automorphisms of Kum- 
mer surfaces, we emphasize again that the overarching polarization-preserving symplectic 
symmetry group (^2)^ x A-j is the largest group which can be induced by a map G of the 
type described above. Indeed, it should be noted that our map is an isometry only when 
restricted to the appropriate lattices Mq. Equivalently, it need not be G-equivariant out- 
side of Mg- The virtue of the specific map 6 which we construct in this work is therefore 
its compatibility with two distinct Kummer surfaces, namely the tetrahedral one and the 
one obtained from the square torus. This property defines 9 uniquely, up to a few choices 
of signs discussed in section [4^ and only this property allows us to combine the actions of 
the symplectic automorphism groups 7i92 and 764 of the two Kummer surfaces to obtain 
the overarching polarization-preserving symmetry group (^2)'* x Ay. 
This group has 40320 elements and thus is by orders of magnitude larger than the biggest 
finite symplectic automorphism group of any K3 surface. Our techniques thus mitigate 
the "order of magnitude" problem that was mentioned in the introduction. We are cur- 
rently generalising our techniques by replacing the Niemeier lattice A^ by the Leech lattice. 
This way we hope to obtain the action of the entire Mathieu group M23 on the Leech 
lattice merely using classical symmetries of K3 surfaces. This may mean that "Mathieu 
moonshine" has nothing to do with symmetries beyond the classical ones. 
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A Appendix 

A.l M24, dual Klein map and binary Golay code 

The relation between Kummer lattices and the group M24 can be made explicit by thinking 
of M24 as the proper subgroup of A24 - the group of even permutations of 24 objects - that 
preserves the extended binary Golay code ^24- The latter is the dimension 12 quadratic 
residue code of length 23 over the field F2, extended in such a way that each element is 
augmented by a zero-sum check digit as described in |CS88j . The vector space Q24 contains 
2^^ vectors called CODEWORDS, each being an element of Fg^, with the restrictions that 
their weight (the number of non-zero entries) is a multiple of 4, bar 4 itself. The code 
contains exactly one codeword zero and one codeword where all digits are one, together 
with 759 octads, 2576 dodecads and 759 complement octads. 

One may use the {2, 3, 7} tessellation of the hyperbolic plane ("^237) to visualise a nat- 
ural basis for the extended binary Golay code |Ric] . A presentation for the orientation- 
preserving symmetry group of ^^237 is given by 

•5237 =< a, r : (T^ = r^ = (ar)^ = 1 >, 

where the order 7 generator may be realised as a rotation by y^ about vertex Vi, the order 
3 generator as a rotation by ^ about the centroid C of triangle V1V2V3 and the order 2 
generator as a rotation by it about the midpoint of V1V2. 

^^W.A. Stein et al., Sage Mathematics Software (Version x.y.z), The Sage Development Team, YYYY, 
Ihttp : //www . sagemath . org 



^°The GAP Group, GAP - Groups, Algorithms, and Programming, Version 4^.4-. 12\ 2008, http://www. 
Igap- system. org 
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The idea is to view ^^237 as the universal cover of a genus 3 polyhedron V^ with 24 vertices, 
84 edges and 56 triangular faces obtained by gluing appropriate edges of "^237 together. 
More precisely, one wishes to construct V^ such that its automorphism group is the quo- 
tient of S'237 by the relation {a'^r'^Y = 1; i-^- a group isomorphic to PSL2(7), one of the 
maximal subgroups of M24[^ The polyhedron P3 is the dual of the celebrated Klein map, 
a polyhedron with 24 heptagonal faces, 56 vertices and 84 edges that has been beautifully 
connected to the Mathieu group M24 by Robert Curtis |Cur07j . 

In order to describe the action of the full Mathieu group M24 as a permutation group on 
the 24 vertices of ^3, another involutive permutation t is required and will be introduced 
shortly. The connection between the geometric setup above and the Golay code is made 
through a specific labelling of the vertices on 7^237, with numbers belonging to the set 
X = {1, 2, .., 24}, in such a way that the labelled vertices preserve the symmetries generated 
by a and r. Although the geometric picture described here is not crucial for our results, 
it provides a means to visualise a basis for ^24 that we have used in our studies. The 
chosen basis consists of 9 octads and 3 dodecads, where each octad is a collection of 8 
vertices organised in a disc configuration on P3, and where each dodecad is a collection of 
12 vertices of P3. The first candidate disc octad is chosen by labelling the vertex Vi as 18, 
and its seven neighbouring vertices as {1, 16, 8, 23, 13, 14, 5} in a counterclockwise ordered 
manner. Vi is the centre of a 7-fold rotational symmetry of 7^237? and it turns out that this 
choice is compatible with a representation of the PSL2(7) generators a and r in terms of 
permutations of the set X given by 

a = (1, 16,8,23, 13,14, 5)(2, 7, 11, 19, 20,24, 12)(3, 4, 17,9,22,21,15), (A.l) 

r = (1, 7, 23)(2, 15, 13)(3, 12, 19)(4, 11, 5)(6, 20, 24)(8, 18, 16)(9, 22, 10)(14, 21, 17). 

This representation suggests one take the centroid of the triangle with vertices {8, 18, 16} 
as centre of the generating 3-fold rotational symmetry of 7^237- Using all symmetries of 
7/237, one arrives at the labelling of vertices illustrated in figure [l] 

The figure also indicates the boundary made of the edges to be glued together to obtain 
the polyhedron P3, whose immersion in 3-dimensional space can be constructed along 
similar lines to those given in [Ric j . The polyhedron exhibits 24 disc octads, one centred 
on each vertex and comprising seven neighbouring vertices. So for instance, the octad 
centred at vertex 18 is given by Ois = {18,1,16,8,23,13,14,5}. That such collections 
of eight vertices are actually weight 8 codewords of the binary Golay code can be readily 
checked by using an extremely powerful (and playful!) technique devised by Robert Curtis 
[Cur 76] and that we refer to as 'mogging', as it uses the Miracle Octad Generator (MOG). 



See appendix A. 2 for more details on mogging. The binary Golay code however cannot 
be generated from 12 Disc octads. Instead, one may choose nine disc octads and three 
dodecads, whose visualisation on V3 is not particularly enlightning. To fix ideas, we choose 
a ^24 basis by picking the disc octads Ci, Oq and Oq and their respective images under a 



^^The standard presentation for PSL2(7) in the Atlas of Finite Groups |CCN+85j is given in terms of two 
generators a,b satisfying the relations a-^ ^ b^ ~ {abY = [a, &]■* ~ 1, with [a, 6] = a~^b^^ab. Substituting 
in that presentation yields the presentation we use in our work. 
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27r/3 and a 47r/3 rotation about the centroid of triangle {8, 18, 16}. This yields the nine 
disc octads Oi, O7, O23, Oq, O20, C'24, Os, Cie, C'ls- We complement these with the dodecad 
Vi = {8, 7, 15, 9, 19, 23, 4, 22, 13, 18, 1, 16} and its images under a 27r/3 and a 47r/3 rotation 
about the centroid of triangle {8, 18, 16}. These images are 

V2 = {18,23,13,22,3,1,11,10,2,16,7,8}, 
V3 = {16,1,2,10,12,7,5,9,15,8,23,18}. 

These are weight 12 codewords in ^24, as can be easily verified by mogging for instance. 
The dodecad Pi may be visualised as the collection of vertices of four triangles (coloured 
in purple in figure fl|, each sharing a vertex with the yellow quadrilateral {23, 13, 18, 8}. 
The Mathieu group M24 is generated by the PSL2(7) generators a and r and an extra 



involution, which, in the representation chosen in (A.l), is given by 



L = (1, 12)(2, 24)(3, 22)(4, 7)(5, 15)(6, 9)(8, 11)(10, 19)(13, 14)(16, 21)(17, 20)(18, 23). 

This involution interchanges pairs of vertices along edges of V3 that are also diagonals of 
yellow quadrilaterals or diagonals of grey octagons in figure [Tj 

We list here for convenience the 24 disc octads Oi, i = 1,2, ... ,24, centred at the vertices 
i of the polyhedron in our choice of labelling in figure [TJ They are given by 



Oi = {1,2,16,18,5,12,22,3}, 0,3 

02 = {2, 1,3, 11, 10, 24, 21, 16}, Oi4 

03 = {3,1,22,6,9,23,11,2}, O,, 

04 = {4, 6, 22, 13, 19, 7, 16, 21}, Oig 

05 = {5, 1,18, 14, 24, 9, 15, 12}, Ou 
a = {6, 3, 22, 4, 21, 17, 15, 9}, ds 
C»7 = {7, 4, 19, 10, 12, 15, 8, 16}, 0,g 

08 = {8, 7, 15, 17, 11, 23, 18, 16}, O20 

09 = {9, 3, 6, 15, 5, 24, 19, 23}, C»2i 
Oio = {10, 2, 11, 20, 12, 7, 19, 24}, O22 
On = {11,2,3,23,8,17,20,10}, O23 
Ci2 = {12, 1,5, 15, 7, 10, 20, 22}, C24 



{13,4,22,20,14,18,23,19}, 

{14,5,18,13,20,17,21,24}, 

{15,5,9,6,17,8,7,12}, 

{16,1,2,21,4,7,8,18}, 

{17,6,21,14,20,11,8,15}, 

{18,1,16,8,23,13,14,5}, 

{19,4,13,23,9,24,10,7}, 

{20,10,11,17,14,13,22,12}, 

{21,2,24,14,17,6,4,16}, 

{22,1,12,20,13,4,6,3}, 

{23,3,9,19,13,18,8,11}, 

{24,2,10,19,9,5,14,21}. 
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Figure 1: Vz has 56 triangular faces that can he viewed as six quadrilaterals {yellow), six 
octahedra {grey) and eight triangles {magenta) . 
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A. 2 The Miracle Octad Generator 

The calculations in our work heavily rely on the identification of subsets of eight or twelve 
elements in X = {1, 2, 3, ... , 24} as Golay codewords (octads and dodecads), and on the 
construction of the unique octad containing 5 given elements in X. Such identifications 
are fast and easy once one masters a brilliant tool devised by Robert Curtis more than 30 
years ago, in the course of his extensive study of M24 |Cur76] . We have used a variant of 
the original technique, which was developed by Conway shortly after, and combines the 
hexacode T-L^ with the Miracle Octad Generator (MOG). These tools are well-documented 
in the literature (see |CS88] for instance), and we therefore confine ourselves to the bare 
essentials. 

The hexacode "Hg is a 3-dimensional code of length 6 over the field of four element F4 = 
{0, l,a;,Ci;^|a;^ = 1}, with uj"^ := u and 1 + u = u. It may be defined as 

'H6 = {(a,&,0(O),0(l),0M,0(w))|a,6,0(O) G F4, 0(x) := ax^ + 6x + 0(0)}. 

The MOG is given by a 4 x 6 matrix whose entries are elements of F2 = {0, 1}, and 
therefore provides binary words of length 24. To check which among those words are 
Golay codewords, one proceeds in three steps. 

1. Step 1: take a MOG configuration and calculate the parity of each 4-column of the 
MOG and the parity of the top row (the parity of a column or a row being the parity 
of the sum of its entries); they must be all equal. 

2. Step 2: to each 4-column with entries a,/?, 7, 5 G F2, associate the F4 element (3 + 
7C1; + 5uj called its SCORE. 

3. Step 3: check whether the set of six scores calculated from a given MOG form a 
hexacode word. If they do, then the original MOG configuration corresponds to 
a Golay codeword. One may take advantage of the fact that if (a, 6, c, rf, e, /) is a 
hexacode word, then so are (c, d, a, 6, e, /), (a, 6, e, /, c, d) and (6, a, d, c, e, /). 

For instance, the MOG configuration 



1 


1 





1 





1 





1 1 


1 





1 






is such that all parities of columns and of top row are even, so the configuration passes Step 
1. The ordered scores are (0, 1, w, 1, a), 0), and one must attempt to rewrite this 6-vector as 
(a, 6, 0(0), 0(1), 0(c(;),0(a;)) for a quadratic function 0(a;) = ax^ + 6a; + 0(O). In the present 
case, a = 0, 6 = 1 and 0(0) = w, so we see that 0(2;) = x + cj, and hence 0(1) = w, which 
differs from the fourth entry of the ordered scores vector. The latter is therefore not a 
hexacode word, and the MOG configuration does not yield a Golay codeword. The power 
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of the MOG in this context resides in the fact that all Golay codewords can be obtained 
as MOG codewords. 

The connection between subsets of X = {1, . . . , 24} and Golay codewords is made possible 
through the use of a special 4x6 array whose entries are the elements of X, distributed in 
one of two ways, according to 



24 23 


11 1 


22 2 


3 19 


4 20 


18 10 


6 15 


16 14 


8 17 


9 5 


13 21 


12 7 



or 



M 



23 24 


1 11 


2 22 


19 3 


20 4 


10 18 


15 6 


14 16 


17 8 


5 9 


21 13 


7 12 



(A.2) 



M' 



The distribution M is the original Curtis configuration, while the mirror distribution M' 
is due to Conway. Our labelling conventions for the vertices of the polyhedron in figure [T] 
are compatible with the second version M', but our results could be rederived using the 
version M, provided a relabelling in figure [TJ 

Starting with a subset of eight distinct elements of X, one constructs a MOG configuration 
using M', where entries corresponding to elements in the subset are I's and the 16 other 
entries are O's. It remains to apply Steps 1 to 3 to conclude whether or not the initial set 
corresponds to a Golay codeword. For instance, the set {1, 2, 3, 4, 5, 6, 7, 8} corresponds to 
the MOG configuration 






1 


1 


1 


1 





1 





1 


1 





1 



M' 



which fails the parity test (Step 1), and therefore does not yield a Golay codeword. The 
same technique may be used to check whether a subset of 12 elements in X is a dodecad. 
As an application of the MOG technique, we indicate how one may show that the group 
7i92 preserves the Golay code. Act with each generator in (4.13) on a basis of the Golay 



code, for instance, the basis introduced in appendix A.l 



Oi, Oj, O23, a, O20, O24, Os, O16, Ois, Vi,V2, V3, (A.3) 

and show that the resulting sets of eight or twelve elements correspond to Golay codewords. 



For instance, take the first generator from (4.13), 

.1 = (1, 11)(2, 22)(4, 20)(7, 12)(8, 17)(10, 18)(13, 21)(14, 16), 
acting on the first basis vector Oi, 

i-^(Oi) = 6i({l, 2, 16, 18, 5, 12, 22, 3}) = {11, 22, 14, 10, 5, 7, 2, 3}. 
The corresponding MOG configuration is 






1 


1 1 


1 





1 





1 





1 





1 



M' 
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which passes the parity test. Furthermore, the score vector is (w, l,c<;, 0,c<;, 0) and for the 
MOG configuration to correspond to a Golay codeword, one needs to identify the score 
vector with (a), 1, 0(0), 0(1), (pioj), 0(w) where 0(a;) = ux"^ + x + u. Since 0(0) = cu, 0(1) = 
oj + 1 + oj = 0, 0(0;) = ujcu'^ + oj + u = u and 4>{u!) = u^ + u + u = 0, we are through: the 
set ti({l, 2, 16, 18, 5, 12, 22, 3}) is an octad. 

A related technique used in this work consists in constructing the unique octad associated 
with 5 given elements of X via the MOG. Suppose we choose the set A = {3, 6, 14, 17, 18} 
and wish to complete A so that one obtains an octad. First, one constructs a MOG start 
configuration where one replaces the elements belonging to A by 1, and all elements in 



I\ Ahy nothing in the Conway MOG array M' of (A. 2), 



1 




1 


1 


1 


1 



M' 

Then one observes that, were all the blanks replaced by O's, 3 columns would have odd 
parity, and 3 would have even parity, while the top row also would have even parity. One has 
three extra entries of 1 to distribute in such a way that the configuration passes the parity 
test. If the solution corresponds to odd parity, columns 3, 5 and 6 cannot accommodate 
more entries of 1, so the score vector is partially known and reads {a,b,u,(f){l),uj,l), 
with a,b G F4 and 0(a;) = ax"^ + bx + c. So 0(0) = c = u and the system 0(a;) = 
aoj + boj + oj = u; 0(ci}) = au + bu + u = 1 has no solution for a,b E F4. One thus 
tries a solution corresponding to even parity. In this case, columns 1, 2 and 4 cannot 
accommodate more entries of 1 if one hopes to pass the parity test. The partial score 
is (0, cd,ijj + n, 0, 4>{ijj), (p{co)), with 0(x) = ux + u + n ioi n = 0,1 oi u. The equation 
0(1) = LJ+oj+n = implies that n = 1. Thus (p{co) = 1+co+l = uj and (piu) = u+u+1 = 1. 
The reconstructed hexacode word is (0, a), a), 0, w, 1) and the octad MOG configuration is 
thus, 









1 1 


1 


1 


1 


1 


1 


1 












M' 

In other words, the unique octad formed from the partial knowledge encoded in the set 
{3, 6, 14, 17, 18} is given by {2, 3, 6, 14, 17, 18, 20, 22}. 

We remark here that in the main text, for convenience we have chosen to write Golay 
codewords corresponding to subsets of 8 or 12 elements in X as vectors in F|^ where 
component q is 1 when element i belongs to the subset considered, and otherwise. This 
is a different convention from that usually adopted when using Curtis's MOG. 
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A. 3 Tables 

The following tables provide a roadmap through our notations. They list the relevant 
lattices that we introduce in sections |2] and [3] and which we use throughout this work. As a 
shorthand we introduce the following notation: Consider an even unimodular lattice F. To 



state that F can be obtained by the gluing construction of proposition |2.1.1| from a pair of 
primitive sublattices A, V C F, where A and V are orthogonal complements of one another 
in F, we write F = A 1X1 V. 
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signature 


lattice 


Ref. in text 


(4,m_), 
m_ > 1 


L*^ sublattice of i?*(X, Z) invariant 

under a group G of polarization 

preserving symplectic automorphisms 


Prop. 3.2.3 


(0,20-m_), 
m_ > 1 


Lg = (L^)^n/7*(X,Z) 


Prop. 3.2.3 


(0,22-/_), 
/_ > 2 


Mg ■■= Lg © spangle, Vo - v} 


Prop. 3.3.6 


(4,/- -2), 
L>2 


M'g := M{H2{T, Z)f'T) © span^{t;o + v} 

= M^nH,{X,Z) 


Prop. 3.3.6 


(0,1) 


= spangle} 


Prop. 3.3.6 



Table 2: Notations for lattices introduced in section [3] and used throughout the text. G 
denotes the polarization preserving symplectic automorphism group of a Kummer surface 
X with complex structure and polarization induced from the underlying torus, whose 
polarization preserving symplectic automorphism group is G'j^. 
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